Cost Reduction of Swapping Bonds Part in Anisotropic Tensor
  Renormalization Group by Oba, Hideaki
KANAZAWA-19-05
Cost Reduction of Swapping Bonds Part in Anisotropic Tensor Renormalization
Group
Hideaki Oba1, ∗
1Institute for Theoretical Physics, Kanazawa University, Kanazawa 920-1192, Japan
(Dated: August 21, 2019)
The bottleneck part of anisotropic tensor renormalization group (ATRG) is a swapping bonds part
which consists of a contraction of two tensors and a partial singular value decomposition of a matrix,
and their computational costs are O(χ2d+1), where χ is the maximum bond dimension and d is the
dimensionality of a system. We propose an alternative method for the swapping bonds part and
it scales with O(χmax(d+3,7)), though the total cost of ATRG with the method remains O(χ2d+1).
Moreover, the memory cost of the whole algorithm can be reduced from O(χ2d) to O(χmax(d+1,6)).
We examine ATRG with or without the proposed method in the four-dimensional Ising model and
find that the free energy density of the proposed algorithm is consistent with that of the original
ATRG while the elapsed time is significantly reduced. We also compare the proposed algorithm
with higher-order tensor renromalization group (HOTRG) and find that the value of the free energy
density of the proposed algorithm is lower than that of HOTRG in the fixed elapsed time.
PACS numbers: 05.10.Cc
I. INTRODUCTION
Tensor network algorithms are theoretically and nu-
merically useful tools for quantum and classical many-
body systems [1, 2]. For example, to study a one-
dimensional quantum many-body system, one can use
density matrix renormalization group [3–5], which is
based on matrix product states [6, 7] and can be un-
derstood as a variational method for a wave function.
For higher dimensional cases, there are algorithms based
on projected entangled pair states [8–10]. In addition to
those algorithms, tensor renormalization group (TRG)
[11] is an approach for coarse-graining tensor networks
and calculates the partition function of a two dimensional
classical model. For studying two or higher dimensional
classical systems, we can use higher-order tensor renor-
malization group (HOTRG) [12]. There are series of the
improved algorithms for the coarse graining on the basis
of various philosophies [13–25].
Since the tensor network algorithms avoid the sign
problem, they have received attention not only from con-
densed matter physics but also from high energy physics
[26–42]. We hope that the lattice models suffering from
the sign problem in high energy physics, (such as quan-
tum chromodynamics with finite quark density, the θ
vacuum of quantum chromodynamics, chiral gauge the-
ory and the super-symmetric model) can be analyzed by
the tensor network algorithms. However, if one computes
physical quantities of such high dimensional systems with
the algorithms, the computational costs and the memory
costs get worse and it is difficult for the algorithms to
provide results with sufficient precision.
A novel algorithm, anisotropic tensor renormalization
group (ATRG), has been proposed recently [25]. It is
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one of the tensor network algorithms for coarse-graining
tensor networks and can be applied to an arbitrary di-
mensional lattice model like HOTRG. Moreover, it takes
much lower computational-cost than HOTRG. The bot-
tleneck part in ATRG is a swapping bonds part which
consists of a contraction of two tensors and a partial
singular value decomposition (PSVD) of a matrix. The
computational cost and the memory cost of the part are
O(χ2d+1) and O(χ2d) respectively, where χ is the max-
imum bond dimension and d is the dimensionality of a
system. If the costs of the swapping bonds part in ATRG
are reduced, we can expect to obtain more accurate re-
sults than those from the original ATRG with the same
elapsed time and the same memory resource.
In this paper, we propose a swapping bonds method
of which the computational cost can be reduced from
O(χ2d+1) to O(χmax(d+3,7)) and the memory cost of
the whole algorithm can be reduced from O(χ2d) to
O(χmax(d+1,6)). Furthermore, we numerically examine
the accuracy of the free energy density of the four-
dimensional Ising model and the elapsed time of ATRG
using the proposed method to compare with the original
ATRG and HOTRG.
The rest of this paper is organized as follows. In
Sec. II, we review the original ATRG algorithm for a
four-dimensional hypercubic system. In Sec. III, the pro-
posed swapping bonds method is explained. In Sec. IV,
we present numerical results of the four-dimensional Ising
model for a comparison between ATRG with the pro-
posed method and the original ATRG or HOTRG and
discuss their performances. A summary and outlooks are
given in Sec. V. In appendix A, we explain a method for
making tensors, E and F , in ATRG. In appendix B, we
study the parameters of the randomized singular value
decomposition (RSVD).
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FIG. 1. The initial tensor T
(init)
i in the initial tensor net-
work of a four-dimensional system. (a) We focus on two ten-
sors in the initial tensor network. (b) If the direction of the
coarse graining is set in x-axis, we redefine the initial tensor
as T
(init)
i;Ω0Ω1x0x1
, where Ω0 = (y0, z0, w0) and Ω1 = (y1, z1, w1)
are bundles of the bond indices.
II. ANISOTROPIC TENSOR
RENORMALIZATION GROUP
In this section, we explain the original ATRG [25] for
a four-dimensional hypercubic system. First of all, we
rewrite the partition function of the system in terms of
a tensor network as
Z = Tr
∏
i
T
(init)
i;x0x1y0y1z0z1w0w1
, (1)
where T
(init)
i is an initial tensor, i runs all lattice sites,
and Tr means summing up all the bond indices of the
initial tensors. If the direction of the coarse graining is
set in x-axis 1, which is the vertical direction in Fig. 1,
we redefine the initial tensor as T
(init)
i;Ω0Ω1x0x1
, where Ω0 =
(y0, z0, w0) and Ω1 = (y1, z1, w1) are bundles of the bond
indices 2.
Then, we execute the coarse graining of the tensor net-
work to reduce the degrees of freedom using ATRG [25].
The whole flow of ATRG is shown in Fig. 2 where there
are seven steps, (a)–(g). First, in step (a), a tensor T
3 is decomposed with the singular value decomposition
(SVD),
TΩ0Ω1x0x1 '
χ∑
α=1
U{T}Ω0x0αS{T}ααV{T}Ω1x1α, (2)
1 Another axis, such as y, z or w, can be treated in a similar way.
2 Ω0 and Ω1 consist of the combination of y0, z0, w0 and that of
y1, z1, w1 respectively. For example, Ω0 = y0 + (z0 − 1)χ(init) +
(w0−1)(χ(init))2 and Ω1 = y1+(z1−1)χ(init)+(w1−1)(χ(init))2
if all of the bond indices run from 1 to χ(init). Although the bond
dimensions of the each tensor legs are different in some case, we
can make the bundles similarly.
3 T is the initial tensor at the first coarse graining.
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<latexit sha1_base64="vXhtVgVFxh+GOgz3JmcC3PEEI80=">AAACZHichVFNSwJBGH7cvswsLQmCICQxOslo QdJJ6OLRj/wAE9ndxlpcd5fdVTDpD9S16NCpICL6GV36Ax38A0F0NOjSodd1IUqqd5iZZ555n3eemZEMVbFsxnoeYWx8YnLKO+2b8c/OBYLzC0VLb5kyL8i6qptlSbS4qmi8YCu2ysuGycWmpPKS1NgZ7Jfa3LQUXdu1OwavNsUDTak rsmgTlU3XghEWY06ER0HcBRG4kdGDt9jDPnTIaKEJDg02YRUiLGoVxMFgEFdFlziTkOLscxzDR9oWZXHKEIlt0HhAq4rLarQe1LQctUynqNRNUoYRZU/sjvXZI7tnL+zj11pdp8bAS4dmaajlRi1wspR//1fVpNnG4ZfqT8826kg6Xh XybjjM4BbyUN8+uujnt3PR7hq7Zq/k/4r12APdQGu/yTdZnruEjz4g/vO5R0ExEYtvxBLZzUgq6X6FF8tYxTq99xZSSCODAp3LcYoznHueBb8QEhaHqYLH1YTwLYSVT5SYicI=</latexit>
(g)
<latexit sha1_base64="0IPyY5i5H++47S/KwMt/fOUb0YU=">AAACb3ichVHLSgMxFD0dX7U+WnWhIEixKHZT0ipYXAluXKq1ttCWMjOmdXBezKSFWvoDfoAuXPgAEfEz3PgDLvoJ4koU3LjwdjogWtQbkpyc3HNzkii2rrmCsXZ A6usfGBwKDodGRsfGw5GJyT3Xqjkqz6qWbjl5RXa5rpk8KzSh87ztcNlQdJ5TDjc6+7k6d1zNMndFw+YlQ66aWkVTZUFUsWjI4sAxmkvVeKscibEE8yLaC5I+iMGPLStygyL2YUFFDQY4TAjCOmS41ApIgsEmroQmcQ4hzdvnaCFE2hplccqQiT2ksUqrgs+atO7UdD21Sqfo1B1SRrHAHtkte2UP7I49sY9fazW9Gh0vDZqVrpbb5fDxTOb9X5VBs8DBl+pPzwIVpD2vGnm3PaZzC7Wrrx+dvmbWdhaai+yKPZP/S9Zm93QDs/6mXm/znTOE6AOSP5+7F+ylEsnlRGp7Jbae9 r8iiFnMY4neexXr2MQWsnSujROc4yLwIk1Lc1K0myoFfM0UvoUU/wTk+459</latexit>
x1<latexit sha1_base64="F929EYdvFmjE+k8ZdQ9SDu9wZAg=">AAACZnichVHLSsNAFD2Nr1ofrYoouCmWiqsy UUFxVXDjsrX2AbWUJI51aJqEJC3W4g8Ibu3ClYKI+Blu/AEX/oHisoIbF96mAdGi3mFmzpy5586ZGdXSheMy9hSQBgaHhkeCo6Gx8YnJcGRqOueYdVvjWc3UTbugKg7XhcGzrnB1XrBsrtRUnefV6lZ3P9/gtiNMY9dtWrxUUyqGOBC a4hKVOSrL5UiMJZgX0X4g+yAGP1Jm5AZ72IcJDXXUwGHAJaxDgUOtCBkMFnEltIizCQlvn+MEIdLWKYtThkJslcYKrYo+a9C6W9Px1BqdolO3SRlFnD2yW9ZhD+yOvbCPX2u1vBpdL02a1Z6WW+Xw6Xzm/V9VjWYXh1+qPz27OMCG51 WQd8tjurfQevrGcbuT2dyJt5bYFXsl/5fsid3TDYzGm3ad5jsXCNEHyD+fux/kVhLyamIlvRZLbvhfEcQCFrFM772OJLaRQpbOreAM52gHnqVJaVaa66VKAV8zg28hRT8BYMeKlg==</latexit>
x0
<latexit sha1_base64="gSIkJutCxTQC9Ckni2kIq/M9+aE=">AAACZnichVHLSsNAFD2Nr1pfVREFN8VScVVu VVBcCW5c9mEfUEtJ4liDaRKStFiLPyC41YUrBRHxM9z4Ay76B4rLCm5ceJsGRIt6h5k5c+aeO2dmFEvXHJeoFZD6+gcGh4LDoZHRsfGJ8ORUzjFrtiqyqqmbdkGRHaFrhsi6mquLgmULuaroIq8cbnX283VhO5pp7LgNS5SqcsXQ9jV VdpnKHJWpHI5SnLyI9IKED6LwI2mGb7GLPZhQUUMVAgZcxjpkONyKSIBgMVdCkzmbkebtC5wgxNoaZwnOkJk95LHCq6LPGrzu1HQ8tcqn6NxtVkYQoye6ozY90j290MevtZpejY6XBs9KVyus8sTpXOb9X1WVZxcHX6o/PbvYx7rnVW Pvlsd0bqF29fXji3ZmIx1rLtI1vbL/K2rRA9/AqL+pNymRvkSIPyDx87l7QW45nliJL6dWo5vr/lcEMY8FLPF7r2ET20giy+dWcIZzXASepXFpRprtpkoBXzONbyFFPgFex4qV</latexit>
⌦0
<latexit sha1_base64="9cNA5CGeRaIQBzATsKnVomlBJt4=">AAACa3ichVG7SgNBFD1Z3/GRaBpRCzFErMJd FRSrgI2dJpoYSCTsrmNcsi92NwEN/oCljYU2CiLiZ9j4AxZ+gohVBBsLbzYLoqLeZXbOnLnnzpk7qmPonk/0GJG6unt6+/oHooNDwyOx+OhYwbPrribymm3YblFVPGHolsj7um+IouMKxVQNsa3WVtv72w3herptbfkHjtgxlaql7+m a4jNVLK+boqpUqBJPUpqCmP4J5BAkEcaGHb9GGbuwoaEOEwIWfMYGFHj8lSCD4DC3gyZzLiM92Bc4QpS1dc4SnKEwW+N/lVelkLV43a7pBWqNTzF4uKycRooe6IZadE+39ETvv9ZqBjXaXg54Vjta4VRix+Obb/+qTJ597H+q/vTsYw /LgVedvTsB076F1tE3Dk9bmyu5VHOWLumZ/V/QI93xDazGq3aVFbkzRPkB5O/t/gkK82l5IT2fXUxmlsOn6MckZjDH/V5CBmvYQD7o8wnOcB55kRLShDTVSZUioSaBLyGlPgC9JYyU</latexit>
⌦1
<latexit sha1_base64="JOwgSordXmKWNJH8nBjFHlRGA9o=">AAACa3ichVG7SgNBFD1ZXzE+Ek0jahEMEasw GwWDVcDGTpMYE1AJu+sYh+yL3U0gBn/A0sZCGwUR8TNs/AGLfIKIlYKNhTebBVFR7zI7Z87cc+fMHdXWhesx1glJff0Dg0Ph4cjI6Nh4NDYxueVaDUfjJc3SLaeiKi7XhclLnvB0XrEdrhiqzstqfbW7X25yxxWWuem1bL5rKDVT7At N8Yiq7KwbvKZU5WosydLMj8RPIAcgiSA2rNg1drAHCxoaMMBhwiOsQ4FL3zZkMNjE7aJNnENI+PscR4iQtkFZnDIUYuv0r9FqO2BNWndrur5ao1N0Gg4pE0ixB3bDXtg9u2WP7P3XWm2/RtdLi2a1p+V2NXo8VXz7V2XQ7OHgU/WnZw /7yPpeBXm3faZ7C62nbx6evhRXCqn2PLtkT+T/gnXYHd3AbL5qV3leOEOEHkD+3u6fYCuTlhfTmfxSMpcNniKMGcxhgfq9jBzWsIGS3+cTnOE89CzFpWlptpcqhQJNHF9CSn0AvyWMlQ==</latexit>
⌦2
<latexit sha1_base64="vM58q4FPhF4vVwbiIXPPR+yso4M=">AAACa3ichVG7SgNBFD1ZXzE+ErURtQiGiFW4 iYLBSrCx00TzAA1hdx3j4r7Y3QQ0+AOWNhbaKIiIn2HjD1j4CSJWEWwsvNksiAb1LrNz5sw9d87cUWxdcz2ip5DU09vXPxAejAwNj4xGY2PjRdeqO6ooqJZuOWVFdoWumaLgaZ4uyrYjZEPRRUk5WG3vlxrCcTXL3PIObVEx5Jqp7Wm q7DFV3lk3RE2uZqqxBKXIj3g3SAcggSA2rNgNdrALCyrqMCBgwmOsQ4bL3zbSINjMVdBkzmGk+fsCx4iwts5ZgjNkZg/4X+PVdsCavG7XdH21yqfoPBxWxpGkR7qlFj3QHT3Tx6+1mn6NtpdDnpWOVtjV6Mnk5vu/KoNnD/tfqj89e9 hD1veqsXfbZ9q3UDv6xtFZa3M5n2zO0RW9sP9LeqJ7voHZeFOvcyJ/jgg/QPpnu7tBMZNKL6QyucXESjZ4ijCmMYt57vcSVrCGDRT8Pp/iHBehV2lCmpJmOqlSKNBM4FtIyU/BJYyW</latexit>
⌦3
<latexit sha1_base64="v9eZOZfbNuYDzx3duQie2h/3gJ4=">AAACa3ichVG7SgNBFD1Z3/EVtRG1EEPEKkwS wWAl2NiZhzGBKGF3HePgvtidBGLwByxtLLRREBE/w8YfsMgniFhFsLHwZrMgKupdZufMmXvunLmjOYbwJGOtkNLT29c/MDgUHh4ZHRuPTExue3bN1XlBtw3bLWmqxw1h8YIU0uAlx+WqqRm8qB2ud/aLde56wra2ZMPhu6ZatcS+0FV JVGln0+RVtZKqRKIszvyY/wkSAYgiiIwducEO9mBDRw0mOCxIwgZUePSVkQCDQ9wumsS5hIS/z3GMMGlrlMUpQyX2kP5VWpUD1qJ1p6bnq3U6xaDhknIeMfbIblmbPbA79sTef63V9Gt0vDRo1rpa7lTGT6bzb/+qTJolDj5Vf3qW2E fa9yrIu+MznVvoXX396KydX83Fmovsij2T/0vWYvd0A6v+ql9nee4cYXqAxPd2/wTbyXgiFU9ml6Nr6eApBjGLBSxRv1ewhg1kUPD7fIpzXIRelCllRpnrpiqhQDOFL6HEPgDDJYyX</latexit>
x2<latexit sha1_base64="oQmEIlhIGWwnEZKCdryRHJ8ViI8=">AAACZnichVFNSwJBGH7cvsxKrYiCLpIYnWS0 IOkkdOnoR36Aiexuoy2uu8vuKpn0B4KueehUEBH9jC79gQ7+g6KjQZcOva4LUVK9w8w888z7vPPMjGSoimUz1vMIY+MTk1Pead/M7Jw/EJxfyFt605R5TtZV3SxKosVVReM5W7FVXjRMLjYklRek+u5gv9DipqXo2r7dNni5IdY0par Iok1U9rgSrwTDLMqcCI2CmAvCcCOlB29xgEPokNFEAxwabMIqRFjUSoiBwSCujA5xJiHF2ec4hY+0TcrilCESW6exRquSy2q0HtS0HLVMp6jUTVKGEGFP7I712SO7Zy/s49daHafGwEubZmmo5UYlcLaSff9X1aDZxtGX6k/PNqpIOF 4V8m44zOAW8lDfOun2szuZSGedXbNX8n/FeuyBbqC13uSbNM9cwkcfEPv53KMgH4/GNqPx9FY4mXC/wotVrGGD3nsbSewhhRydW8M5LtD1PAt+YUlYHqYKHleziG8hhD4BYseKlw==</latexit>
x1<latexit sha1_base64="F929EYdvFmjE+k8ZdQ9SDu9wZAg=">AAACZnichVHLSsNAFD2Nr1ofrYoouCmWiqsy UUFxVXDjsrX2AbWUJI51aJqEJC3W4g8Ibu3ClYKI+Blu/AEX/oHisoIbF96mAdGi3mFmzpy5586ZGdXSheMy9hSQBgaHhkeCo6Gx8YnJcGRqOueYdVvjWc3UTbugKg7XhcGzrnB1XrBsrtRUnefV6lZ3P9/gtiNMY9dtWrxUUyqGOBC a4hKVOSrL5UiMJZgX0X4g+yAGP1Jm5AZ72IcJDXXUwGHAJaxDgUOtCBkMFnEltIizCQlvn+MEIdLWKYtThkJslcYKrYo+a9C6W9Px1BqdolO3SRlFnD2yW9ZhD+yOvbCPX2u1vBpdL02a1Z6WW+Xw6Xzm/V9VjWYXh1+qPz27OMCG51 WQd8tjurfQevrGcbuT2dyJt5bYFXsl/5fsid3TDYzGm3ad5jsXCNEHyD+fux/kVhLyamIlvRZLbvhfEcQCFrFM772OJLaRQpbOreAM52gHnqVJaVaa66VKAV8zg28hRT8BYMeKlg==</latexit> x1<latexit sha1_base64="F929EYdvFmjE+k8ZdQ9SDu9wZAg=">AAACZnichVHLSsNAFD2Nr1ofrYoouCmWiqsyUUFxVXDjsrX2AbWUJI51aJqEJC3W4g8Ibu3ClYKI+Blu/AEX/oHisoIbF96mAdGi3mFmzpy5586ZGdXSheMy9hS QBgaHhkeCo6Gx8YnJcGRqOueYdVvjWc3UTbugKg7XhcGzrnB1XrBsrtRUnefV6lZ3P9/gtiNMY9dtWrxUUyqGOBCa4hKVOSrL5UiMJZgX0X4g+yAGP1Jm5AZ72IcJDXXUwGHAJaxDgUOtCBkMFnEltIizCQlvn+MEIdLWKYtThkJslcYKrYo+a9C6W9Px1BqdolO3SRlFnD2yW9ZhD+yOvbCPX2u1vBpdL02a1Z6WW+Xw6Xzm/V9VjWYXh1+qPz27OMCG51WQd8tjurfQevrGcbuT2dyJt5bYFXsl/5fsid3TDYzGm3ad5jsXCNEHyD+fux/kVhLyamIlvRZLbvhfEcQCFrFM7 72OJLaRQpbOreAM52gHnqVJaVaa66VKAV8zg28hRT8BYMeKlg==</latexit>
⌦0
<latexit sha1_base64="9cNA5CGeRaIQBzATsKnVomlBJt4=">AAACa3ichVG7SgNBFD1Z3/GRaBpRCzFErMJd FRSrgI2dJpoYSCTsrmNcsi92NwEN/oCljYU2CiLiZ9j4AxZ+gohVBBsLbzYLoqLeZXbOnLnnzpk7qmPonk/0GJG6unt6+/oHooNDwyOx+OhYwbPrribymm3YblFVPGHolsj7um+IouMKxVQNsa3WVtv72w3herptbfkHjtgxlaql7+m a4jNVLK+boqpUqBJPUpqCmP4J5BAkEcaGHb9GGbuwoaEOEwIWfMYGFHj8lSCD4DC3gyZzLiM92Bc4QpS1dc4SnKEwW+N/lVelkLV43a7pBWqNTzF4uKycRooe6IZadE+39ETvv9ZqBjXaXg54Vjta4VRix+Obb/+qTJ597H+q/vTsYw /LgVedvTsB076F1tE3Dk9bmyu5VHOWLumZ/V/QI93xDazGq3aVFbkzRPkB5O/t/gkK82l5IT2fXUxmlsOn6MckZjDH/V5CBmvYQD7o8wnOcB55kRLShDTVSZUioSaBLyGlPgC9JYyU</latexit>
⌦2
<latexit sha1_base64="vM58q4FPhF4vVwbiIXPPR+yso4M=">AAACa3ichVG7SgNBFD1ZXzE+ErURtQiGiFW4 iYLBSrCx00TzAA1hdx3j4r7Y3QQ0+AOWNhbaKIiIn2HjD1j4CSJWEWwsvNksiAb1LrNz5sw9d87cUWxdcz2ip5DU09vXPxAejAwNj4xGY2PjRdeqO6ooqJZuOWVFdoWumaLgaZ4uyrYjZEPRRUk5WG3vlxrCcTXL3PIObVEx5Jqp7Wm q7DFV3lk3RE2uZqqxBKXIj3g3SAcggSA2rNgNdrALCyrqMCBgwmOsQ4bL3zbSINjMVdBkzmGk+fsCx4iwts5ZgjNkZg/4X+PVdsCavG7XdH21yqfoPBxWxpGkR7qlFj3QHT3Tx6+1mn6NtpdDnpWOVtjV6Mnk5vu/KoNnD/tfqj89e9 hD1veqsXfbZ9q3UDv6xtFZa3M5n2zO0RW9sP9LeqJ7voHZeFOvcyJ/jgg/QPpnu7tBMZNKL6QyucXESjZ4ijCmMYt57vcSVrCGDRT8Pp/iHBehV2lCmpJmOqlSKNBM4FtIyU/BJYyW</latexit>
⌦1
<latexit sha1_base64="JOwgSordXmKWNJH8nBjFHlRGA9o=">AAACa3ichVG7SgNBFD1ZXzE+Ek0jahEMEasw GwWDVcDGTpMYE1AJu+sYh+yL3U0gBn/A0sZCGwUR8TNs/AGLfIKIlYKNhTebBVFR7zI7Z87cc+fMHdXWhesx1glJff0Dg0Ph4cjI6Nh4NDYxueVaDUfjJc3SLaeiKi7XhclLnvB0XrEdrhiqzstqfbW7X25yxxWWuem1bL5rKDVT7At N8Yiq7KwbvKZU5WosydLMj8RPIAcgiSA2rNg1drAHCxoaMMBhwiOsQ4FL3zZkMNjE7aJNnENI+PscR4iQtkFZnDIUYuv0r9FqO2BNWndrur5ao1N0Gg4pE0ixB3bDXtg9u2WP7P3XWm2/RtdLi2a1p+V2NXo8VXz7V2XQ7OHgU/WnZw /7yPpeBXm3faZ7C62nbx6evhRXCqn2PLtkT+T/gnXYHd3AbL5qV3leOEOEHkD+3u6fYCuTlhfTmfxSMpcNniKMGcxhgfq9jBzWsIGS3+cTnOE89CzFpWlptpcqhQJNHF9CSn0AvyWMlQ==</latexit>
⌦3
<latexit sha1_base64="v9eZOZfbNuYDzx3duQie2h/3gJ4=">AAACa3ichVG7SgNBFD1Z3/EVtRG1EEPEKkwS wWAl2NiZhzGBKGF3HePgvtidBGLwByxtLLRREBE/w8YfsMgniFhFsLHwZrMgKupdZufMmXvunLmjOYbwJGOtkNLT29c/MDgUHh4ZHRuPTExue3bN1XlBtw3bLWmqxw1h8YIU0uAlx+WqqRm8qB2ud/aLde56wra2ZMPhu6ZatcS+0FV JVGln0+RVtZKqRKIszvyY/wkSAYgiiIwducEO9mBDRw0mOCxIwgZUePSVkQCDQ9wumsS5hIS/z3GMMGlrlMUpQyX2kP5VWpUD1qJ1p6bnq3U6xaDhknIeMfbIblmbPbA79sTef63V9Gt0vDRo1rpa7lTGT6bzb/+qTJolDj5Vf3qW2E fa9yrIu+MznVvoXX396KydX83Fmovsij2T/0vWYvd0A6v+ql9nee4cYXqAxPd2/wTbyXgiFU9ml6Nr6eApBjGLBSxRv1ewhg1kUPD7fIpzXIRelCllRpnrpiqhQDOFL6HEPgDDJYyX</latexit>
⌦00
<latexit sha1_base64="+80viIhCaIb7xRFoEqqhEFpzJ60=">AAACbHichVG7SgNBFD1ZXzG+4qMQgiAGH1W4 iYLBKmBjZx7GByphd53ExX2xuwnE4A/YWliohYKI+Bk2/oCFnyCCjYKNhTebBVFR7zAzZ87cc+fMjGLrmusRPYSktvaOzq5wd6Snt69/IDo4tOpaVUcVRdXSLWddkV2ha6Yoepqni3XbEbKh6GJN2Vts7q/VhONqlrni1W2xbcgVUyt rquwxtbG1bIiKPF2iUjROCfJj/CdIBiCOILJW9Apb2IEFFVUYEDDhMdYhw+W2iSQINnPbaDDnMNL8fYEDRFhb5SzBGTKzezxWeLUZsCavmzVdX63yKTp3h5XjmKR7uqYXuqMbeqT3X2s1/BpNL3WelZZW2KWBw9HC278qg2cPu5+qPz 17KCPte9XYu+0zzVuoLX1t//ilsJCfbEzRBT2x/3N6oFu+gVl7VS9zIn+CCH9A8vtz/wSrqURyNpHKzcUz6eArwohhAjP83vPIYAlZFPlcA0c4xVnoWRqRYtJYK1UKBZphfAlp6gMzNYzF</latexit>
⌦01<latexit sha1_base64="8emE04pyoZTC9MJcAGOgTgaJLjU=">AAACbHichVG7SgNBFD1Z3/GR+CiEIARDolWY VcFgJdjYaRLzEJWwu07ikn2xuwnE4A/YWliohYKI+Bk2/oBFPkEEmwg2Ft5sFkRFvcPMnDlzz50zM7KlqY7LWCsg9PT29Q8MDgWHR0bHQuHxibxj1myF5xRTM+2iLDlcUw2ec1VX40XL5pIua7wgV9c6+4U6tx3VNLbchsX3dKliqGV VkVyitnc3dF6R5kpiKRxjSeZF9CcQfRCDH5tm+Aa72IcJBTXo4DDgEtYgwaG2AxEMFnF7aBJnE1K9fY4jBElboyxOGRKxVRortNrxWYPWnZqOp1boFI26Tcoo4uyR3bI2e2B37Im9/1qr6dXoeGnQLHe13CqFjqezb/+qdJpdHHyq/v TsooyU51Ul75bHdG6hdPX1w9N2diUTbybYFXsm/5esxe7pBkb9VblO88wZgvQB4vfn/gnyC0lxMbmQXoqtpvyvGEQEs5in917GKtaxiRydq+ME57gIvAhTQkSY6aYKAV8ziS8hJD4ANTWMxg==</latexit>
x1<latexit sha1_base64="F929EYdvFmjE+k8ZdQ9SDu9wZAg=">AAACZnichVHLSsNAFD2Nr1ofrYoouCmWiqsy UUFxVXDjsrX2AbWUJI51aJqEJC3W4g8Ibu3ClYKI+Blu/AEX/oHisoIbF96mAdGi3mFmzpy5586ZGdXSheMy9hSQBgaHhkeCo6Gx8YnJcGRqOueYdVvjWc3UTbugKg7XhcGzrnB1XrBsrtRUnefV6lZ3P9/gtiNMY9dtWrxUUyqGOBC a4hKVOSrL5UiMJZgX0X4g+yAGP1Jm5AZ72IcJDXXUwGHAJaxDgUOtCBkMFnEltIizCQlvn+MEIdLWKYtThkJslcYKrYo+a9C6W9Px1BqdolO3SRlFnD2yW9ZhD+yOvbCPX2u1vBpdL02a1Z6WW+Xw6Xzm/V9VjWYXh1+qPz27OMCG51 WQd8tjurfQevrGcbuT2dyJt5bYFXsl/5fsid3TDYzGm3ad5jsXCNEHyD+fux/kVhLyamIlvRZLbvhfEcQCFrFM772OJLaRQpbOreAM52gHnqVJaVaa66VKAV8zg28hRT8BYMeKlg==</latexit>
x0
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FIG. 2. The flow of the original ATRG. In step (a), a tensor
T is decomposed into two tensors such as A and B or C and
D with the SVD. In step (b), the two tensors, B and C, are
contracted by summing up the bond x1 and a tensor M is
obtained. In step (c), M is decomposed by the PSVD into
two tensors, X and Y , to change the combinations of bonds
from Ω1α of B and Ω2β of C to Ω2α of X and Ω1β of Y . In
step (d), two tensors, E and F , are made from A,X, Y and
D with a method is explained in appendix A. In step (e), we
contract A,X and E by summing up the bonds α,Ω0,Ω2 to
make G, and contract D,Y and F by summing up the bonds
β,Ω1,Ω3 to make H. In step (f), G and H are contracted by
summing up the bond x1 to obtain a coarse-grained tensor T
′.
In step (g), we reorder the bonds of T ′ for the next direction
of the coarse graining, y-axis.
where α is a new bond for x-axis. Then, we make four
tensors, A,B,C and D, as
AΩ0x0α = U{T}Ω0x0α, (3)
BΩ1x1α = S{T}ααV{T}Ω1x1α, (4)
CΩ0x0α = S{T}ααU{T}Ω0x0α, (5)
DΩ1x1α = V{T}Ω1x1α. (6)
In step (b), the two tensors, B and C, are contracted and
a tensor M is obtained by
MΩ1Ω2αβ =
∑
x1
BΩ1x1αCΩ2x1β . (7)
Then in step (c), we decompose M into two tensors, X
and Y , to change the combinations of the bonds from
Ω1α of B and Ω2β of C to Ω2α of X and Ω1β of Y as
MΩ1Ω2αβ '
χ∑
x1=1
U{M}Ω2αx1S{M}x1x1V{M}Ω1βx1 , (8)
XΩ2αx1 =
√
S{M}x1x1U{M}Ω2αx1 , (9)
YΩ1βx1 =
√
S{M}x1x1V{M}Ω1βx1 . (10)
One may use the PSVD, such as the Arnoldi method [43]
and the RSVD [44], for the decomposition of M in eq.
(8). In step (d), two tensors, E and F , are made from
3(a) (b)
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<latexit sha1_base64="a6CxYX7pYtwfAQdVs5lWwd 8Fk6E=">AAACbHichVG7SgNBFD1ZXzG+4qMQRBBDglWYVUGxCtgINomaqBgJu+tEF/fF7iSgS37A1sJCLRRExM+ w8Qcs/AQRbBRsLLy7WRAN6h1m5syZe+6cmVEdQ/cEY48xqa29o7Mr3p3o6e3rH0gODpU8u+ZqvKjZhu1uqIrHD d3iRaELg284LldM1eDr6v5isL9e566n29aaOHD4tqnsWnpV1xRB1Gap4pf95XKjUUmmWJaFMdEK5AikEEXeTl6j jB3Y0FCDCQ4LgrABBR61LchgcIjbhk+cS0gP9zkaSJC2RlmcMhRi92ncpdVWxFq0Dmp6oVqjUwzqLiknkGYP7Ia 9snt2y57Yx6+1/LBG4OWAZrWp5U5l4Gh09f1flUmzwN6X6k/PAlXMh1518u6ETHALramvH568ri6spP0Mu2TP5P +CPbI7uoFVf9OuCnzlFAn6APnnc7eC0nRWnslOF2ZTufnoK+IYwySm6L3nkMMS8ijSuSaOcYbz2Is0Io1J481U KRZphvEtpMwnjkGNcg==</latexit>
S{K}
<latexit sha1_base64="A6eYEinTLLhBTln/QhdbhV HkrQw=">AAACbHichVG7SgNBFD1Z3/EVH4UgQjAYrMKsCgYrwUawMYnxgZGwu050cF/sbgJxyQ/YWliohYKI+Bk 2/oCFnyCCTQQbC+9uFkRFvcPMnDlzz50zM6qtC9dj7DEmtbV3dHZ198R7+/oHBhNDw+uuVXU0XtQs3XI2VcXlu jB50ROezjdthyuGqvMN9WAp2N+occcVlrnm1W2+Yyh7pqgITfGI2iqU/ZK/Umo0yokUy7Awkj+BHIEUoli1Etco YRcWNFRhgMOER1iHApfaNmQw2MTtwCfOISTCfY4G4qStUhanDIXYAxr3aLUdsSatg5puqNboFJ26Q8okptgDu2F Nds9u2RN7/7WWH9YIvNRpVltabpcHj8YKb/+qDJo97H+q/vTsoYJs6FWQdztkgltoLX3t8KRZWMhP+Wl2yZ7J/w V7ZHd0A7P2ql3leP4UcfoA+ftz/wTrMxl5NjOTm0stZqOv6MY4JjFN7z2PRSxjFUU618AxznAee5FGpXFpopUq xSLNCL6ElP4AiCmNbw==</latexit>
A0(C 0)
<latexit sha1_base64="yFDoQS3nB5k/yzlBplbbcZCcUt8=">AAACaXichVG7SgNBFD1ZXzE+kmgTtBEXX02 YRMFgFUljmYeJgorsrmNcsy92J4EY/AErO1ErBRHxM2z8AQs/QSwVbCy82SyIinqHmTlz5p47Z2ZUx9A9wdhjSOrq7untC/dHBgaHhqOx+EjFs+uuxsuabdjuuqp43NAtXha6MPi643LFVA2+ptZy7f21Bnc93bZWRdPhW6ZStfRdX VMEUZXlmdnczNx2TGZJ5sfET5AKgIwg8nbsGpvYgQ0NdZjgsCAIG1DgUdtACgwOcVtoEecS0v19jkNESFunLE4ZCrE1Gqu02ghYi9btmp6v1ugUg7pLyglMsQd2w17YPbtlT+z911otv0bbS5NmtaPlznb0KFF6+1dl0iyw96n607 PALjK+V528Oz7TvoXW0TcOTl5KS8Wp1jS7ZM/k/4I9sju6gdV41a4KvHiOCH1A6vtz/wSVdDI1n0wXFuRsJviKMMYxiVl670VksYI8ynTuPo5xirPQsxSXEtJYJ1UKBZpRfAlJ/gAIv4rP</latexit>
B0(D0)
<latexit sha1_base64="W+iYmHBxs806uKmODpkFvtwAooc=">AAACaXichVFNLwNBGH66vuujLRfh0tjQujS zJSFOgoNji5aEptldg9H9yu62CY0/4OQmOJGIiJ/h4g84+AnSI4mLg7fbTQTBO5mZZ555n3eemdEcQ3g+Y08Rqa29o7Oruyfa29c/EIsnBoueXXV1XtBtw3Y3NNXjhrB4wRe+wTccl6umZvB1rbLY3F+vcdcTtrXmHzi8ZKq7ltgRu uoTVVxIpZdSk+W4zDIsiORPoIRARhg5O36DLWzDho4qTHBY8AkbUOFR24QCBoe4EurEuYREsM9xhChpq5TFKUMltkLjLq02Q9aidbOmF6h1OsWg7pIyiXH2yG7ZC3tgd+yZvf9aqx7UaHo5oFlrablTjh0Pr779qzJp9rH3qfrTs4 8dzAZeBXl3AqZ5C72lrx2evqzOrYzXJ9gVa5D/S/bE7ukGVu1Vv87zlQtE6QOU78/9ExSzGWUqk81Py/Oz4Vd0YxRjSNN7z2Aey8ihQOfu4wRnOI80pIQ0LI20UqVIqBnCl5DkDwzGitE=</latexit>
G
H
A0(C 0)
<latexit sha1_base64="yFDoQS3nB5k/yzlBplbbcZCcUt8=">AAACaXichVG7SgNBFD1ZXzE+kmgTtBEXX02 YRMFgFUljmYeJgorsrmNcsy92J4EY/AErO1ErBRHxM2z8AQs/QSwVbCy82SyIinqHmTlz5p47Z2ZUx9A9wdhjSOrq7untC/dHBgaHhqOx+EjFs+uuxsuabdjuuqp43NAtXha6MPi643LFVA2+ptZy7f21Bnc93bZWRdPhW6ZStfRdX VMEUZXlmdnczNx2TGZJ5sfET5AKgIwg8nbsGpvYgQ0NdZjgsCAIG1DgUdtACgwOcVtoEecS0v19jkNESFunLE4ZCrE1Gqu02ghYi9btmp6v1ugUg7pLyglMsQd2w17YPbtlT+z911otv0bbS5NmtaPlznb0KFF6+1dl0iyw96n607 PALjK+V528Oz7TvoXW0TcOTl5KS8Wp1jS7ZM/k/4I9sju6gdV41a4KvHiOCH1A6vtz/wSVdDI1n0wXFuRsJviKMMYxiVl670VksYI8ynTuPo5xirPQsxSXEtJYJ1UKBZpRfAlJ/gAIv4rP</latexit>
B0(D0)
<latexit sha1_base64="W+iYmHBxs806uKmODpkFvtwAooc=">AAACaXichVFNLwNBGH66vuujLRfh0tjQujS zJSFOgoNji5aEptldg9H9yu62CY0/4OQmOJGIiJ/h4g84+AnSI4mLg7fbTQTBO5mZZ555n3eemdEcQ3g+Y08Rqa29o7Oruyfa29c/EIsnBoueXXV1XtBtw3Y3NNXjhrB4wRe+wTccl6umZvB1rbLY3F+vcdcTtrXmHzi8ZKq7ltgRu uoTVVxIpZdSk+W4zDIsiORPoIRARhg5O36DLWzDho4qTHBY8AkbUOFR24QCBoe4EurEuYREsM9xhChpq5TFKUMltkLjLq02Q9aidbOmF6h1OsWg7pIyiXH2yG7ZC3tgd+yZvf9aqx7UaHo5oFlrablTjh0Pr779qzJp9rH3qfrTs4 8dzAZeBXl3AqZ5C72lrx2evqzOrYzXJ9gVa5D/S/bE7ukGVu1Vv87zlQtE6QOU78/9ExSzGWUqk81Py/Oz4Vd0YxRjSNN7z2Aey8ihQOfu4wRnOI80pIQ0LI20UqVIqBnCl5DkDwzGitE=</latexit>
↵
<latexit sha1_base64="IxXp3iqf0dx8q9Weq7eIa9n/ntg=">AAACaXichVG7SgNBFD1Z3/GRqE3QJhgUqzC rgsFKsLFM1CSCiuyuoxmzL3YngRj8ASs7USsFEfEzbPwBCz9BLCPYWHh3syAa1DvMzJkz99w5M6O7pvAlY88xpau7p7evfyA+ODQ8kkiOjpV8p+YZvGg4puNt6prPTWHzohTS5JuuxzVLN3lZr64E++U693zh2Buy4fIdSzuwxb4wN ElUaVsz3Yq2m8ywLAsj3QnUCGQQRd5J3mIbe3BgoAYLHDYkYRMafGpbUMHgEreDJnEeIRHucxwjTtoaZXHK0Iit0nhAq62ItWkd1PRDtUGnmNQ9UqYxzZ7YHWuxR3bPXtjHr7WaYY3AS4Nmva3l7m7iJLX+/q/Kolmi8qX607PEPn KhV0He3ZAJbmG09fWjs9b60tp0c4Zds1fyf8We2QPdwK6/GTcFvnaJOH2A+vO5O0FpLqvOZ+cKC5nlXPQV/ZjEFGbpvRexjFXkUaRzD3GKc1zEXpVRJaVMtFOVWKQZx7dQMp+Js4wO</latexit>
x1<latexit sh a1_base64="F929EYdvFmj E+k8ZdQ9SDu9wZAg=">AAA CZnichVHLSsNAFD2Nr1of rYoouCmWiqsyUUFxVXDjsr X2AbWUJI51aJqEJC3W4g8I bu3ClYKI+Blu/AEX/oHis oIbF96mAdGi3mFmzpy5586 ZGdXSheMy9hSQBgaHhkeCo 6Gx8YnJcGRqOueYdVvjWc3 UTbugKg7XhcGzrnB1XrBs rtRUnefV6lZ3P9/gtiNMY9 dtWrxUUyqGOBCa4hKVOSrL 5UiMJZgX0X4g+yAGP1Jm5 AZ72IcJDXXUwGHAJaxDgUO tCBkMFnEltIizCQlvn+MEI dLWKYtThkJslcYKrYo+a9 C6W9Px1BqdolO3SRlFnD2y W9ZhD+yOvbCPX2u1vBpdL0 2a1Z6WW+Xw6Xzm/V9VjWY Xh1+qPz27OMCG51WQd8tju rfQevrGcbuT2dyJt5bYFXs l/5fsid3TDYzGm3ad5jsX CNEHyD+fux/kVhLyamIlvR ZLbvhfEcQCFrFM772OJLaR QpbOreAM52gHnqVJaVaa66 VKAV8zg28hRT8BYMeKlg= =</latexit>
x0
<latexit sha1_base64=" gSIkJutCxTQC9Ckni2kIq/M9+aE=">AAACZnichVHLSs NAFD2Nr1pfVREFN8VScVVuVVBcCW5c9mEfUEtJ4liDa RKStFiLPyC41YUrBRHxM9z4Ay76B4rLCm5ceJsGRIt6 h5k5c+aeO2dmFEvXHJeoFZD6+gcGh4LDoZHRsfGJ8ORU zjFrtiqyqqmbdkGRHaFrhsi6mquLgmULuaroIq8cbnX 283VhO5pp7LgNS5SqcsXQ9jVVdpnKHJWpHI5SnLyI9I KED6LwI2mGb7GLPZhQUUMVAgZcxjpkONyKSIBgMVdCkz mbkebtC5wgxNoaZwnOkJk95LHCq6LPGrzu1HQ8tcqn6 NxtVkYQoye6ozY90j290MevtZpejY6XBs9KVyus8sTpX Ob9X1WVZxcHX6o/PbvYx7rnVWPvlsd0bqF29fXji3Zm Ix1rLtI1vbL/K2rRA9/AqL+pNymRvkSIPyDx87l7QW4 5nliJL6dWo5vr/lcEMY8FLPF7r2ET20giy+dWcIZzXAS epXFpRprtpkoBXzONbyFFPgFex4qV</latexit>
x2<latexit sha1_base64=" oQmEIlhIGWwnEZKCdryRHJ8ViI8=">AAACZnichVFNSw JBGH7cvsxKrYiCLpIYnWS0IOkkdOnoR36Aiexuoy2uu 8vuKpn0B4KueehUEBH9jC79gQ7+g6KjQZcOva4LUVK9 w8w888z7vPPMjGSoimUz1vMIY+MTk1Pead/M7Jw/EJxf yFt605R5TtZV3SxKosVVReM5W7FVXjRMLjYklRek+u5 gv9DipqXo2r7dNni5IdY0parIok1U9rgSrwTDLMqcCI 2CmAvCcCOlB29xgEPokNFEAxwabMIqRFjUSoiBwSCujA 5xJiHF2ec4hY+0TcrilCESW6exRquSy2q0HtS0HLVMp 6jUTVKGEGFP7I712SO7Zy/s49daHafGwEubZmmo5UYlc LaSff9X1aDZxtGX6k/PNqpIOF4V8m44zOAW8lDfOun2 szuZSGedXbNX8n/FeuyBbqC13uSbNM9cwkcfEPv53KM gH4/GNqPx9FY4mXC/wotVrGGD3nsbSewhhRydW8M5LtD 1PAt+YUlYHqYKHleziG8hhD4BYseKlw==</latexit>
⌦00
<latexit sh a1_base64="+80viIhCaIb 7xRFoEqqhEFpzJ60=">AAA CbHichVG7SgNBFD1ZXzG+ 4qMQgiAGH1W4iYLBKmBjZx 7GByphd53ExX2xuwnE4A/Y WliohYKI+Bk2/oCFnyCCj YKNhTebBVFR7zAzZ87cc+f MjGLrmusRPYSktvaOzq5wd 6Snt69/IDo4tOpaVUcVRdX SLWddkV2ha6Yoepqni3Xb EbKh6GJN2Vts7q/VhONqlr ni1W2xbcgVUytrquwxtbG1 bIiKPF2iUjROCfJj/CdIB iCOILJW9Apb2IEFFVUYEDD hMdYhw+W2iSQINnPbaDDnM NL8fYEDRFhb5SzBGTKzez xWeLUZsCavmzVdX63yKTp3 h5XjmKR7uqYXuqMbeqT3X2 s1/BpNL3WelZZW2KWBw9H C278qg2cPu5+qPz17KCPte 9XYu+0zzVuoLX1t//ilsJC fbEzRBT2x/3N6oFu+gVl7 VS9zIn+CCH9A8vtz/wSrqU RyNpHKzcUz6eArwohhAjP8 3vPIYAlZFPlcA0c4xVnoWR qRYtJYK1UKBZphfAlp6gM zNYzF</latexit>
⌦01<latexit sha1_base64=" 8emE04pyoZTC9MJcAGOgTgaJLjU=">AAACbHichVG7Sg NBFD1Z3/GR+CiEIARDolWYVcFgJdjYaRLzEJWwu07ik n2xuwnE4A/YWliohYKI+Bk2/oBFPkEEmwg2Ft5sFkRF vcPMnDlzz50zM7KlqY7LWCsg9PT29Q8MDgWHR0bHQuHx ibxj1myF5xRTM+2iLDlcUw2ec1VX40XL5pIua7wgV9c 6+4U6tx3VNLbchsX3dKliqGVVkVyitnc3dF6R5kpiKR xjSeZF9CcQfRCDH5tm+Aa72IcJBTXo4DDgEtYgwaG2Ax EMFnF7aBJnE1K9fY4jBElboyxOGRKxVRortNrxWYPWn ZqOp1boFI26Tcoo4uyR3bI2e2B37Im9/1qr6dXoeGnQL He13CqFjqezb/+qdJpdHHyq/vTsooyU51Ul75bHdG6h dPX1w9N2diUTbybYFXsm/5esxe7pBkb9VblO88wZgvQ B4vfn/gnyC0lxMbmQXoqtpvyvGEQEs5in917GKtaxiRy dq+ME57gIvAhTQkSY6aYKAV8ziS8hJD4ANTWMxg==</ latexit>
y00
<latexit sha1_base64="bZyDkkDKZnLJkal87VY4SD MDhOg=">AAACZ3ichVHLSsNAFD2Nr1ofrQoiuFFL1VW5rYLFVcGNy/roA2opSZxqME1CkhZq8QdcuK3gSkFE/Aw 3/oALP0FcKrhx4U0aEC3qHWbmzJl77pyZUSxdc1yip5DU1z8wOBQejoyMjo1HYxOTBcds2KrIq6Zu2iVFdoSuG SLvaq4uSpYt5Lqii6JytOHtF5vCdjTT2HVblqjU5QNDq2mq7HpUa6lK1VickuTHXC9IBSCOIHJm7AZ72IcJFQ3U IWDAZaxDhsOtjBQIFnMVtJmzGWn+vsAJIqxtcJbgDJnZIx4PeFUOWIPXXk3HV6t8is7dZuUcEvRIt/RKD3RHz/T xa622X8Pz0uJZ6WqFVY2ezuy8/6uq8+zi8Ev1p2cXNWR8rxp7t3zGu4Xa1TePO68769uJ9iJd0Qv7v6QnuucbGM 039XpLbF8gwh+Q+vncvaCQTqZWkumt1Xg2E3xFGLNYwDK/9xqy2EQOeT73EGfo4Dz0LEWlaWmmmyqFAs0UvoU0 /wnU9IrH</latexit>
y01<latexit sha1_base64="aRCUlf4yzXH9I4wHaZFVRK 5aLnM=">AAACZ3ichVHLSsNAFD2N7/poVRDBTbVUXZUbFRRXghuX9VEVVEoSpzY0TUIyLdTiD7hwW8GVgoj4GW7 8ARd+gris4MaFN2lAVNQ7zMyZM/fcOTOju5bpS6KnmNLR2dXd09sX7x8YHEokh0e2fafqGSJvOJbj7eqaLyzTF nlpSkvsup7QKroldvTyarC/UxOebzr2lqy74qCiHdlm0TQ0GVD1mYJaSKYpS2GkfgI1AmlEkXOSN9jHIRwYqKIC ARuSsQUNPrc9qCC4zB2gwZzHyAz3BU4QZ22VswRnaMyWeTzi1V7E2rwOavqh2uBTLO4eK1PI0CPdUose6I6e6f3 XWo2wRuClzrPe1gq3kDgd33z7V1XhWaL0qfrTs0QRS6FXk727IRPcwmjra8fN1ubyRqYxTVf0wv4v6Ynu+QZ27d W4XhcbF4jzB6jfn/sn2J7LqvPZufWF9MpS9BW9mMAUZvm9F7GCNeSQ53NLOEMT57FnJaGMKePtVCUWaUbxJZTJ D9b0isg=</latexit>
 01<latexit sha1_base64="YTDXHEwLv3gGcgbyuZxSVq 5Sf3U=">AAACanichVFNSwJBGH7cvsw+NLsUXiKzOslsBUknoUtHtUxBRXa3qYbW3WV3FUz6A906BXkqiIh+Rpf +QId+QtTNoEuHXteFKKneYWaeeeZ93nlmRrV04biMPQWkgcGh4ZHgaGhsfGIyHJmK7jpm3dZ4XjN10y6qisN1Y fC8K1ydFy2bKzVV5wX1aLO7X2hw2xGmseM2LV6pKQeG2Bea4hJVKGccsVSVq5E4SzIv5vqB7IM4/MiYkRuUsQcT GuqogcOAS1iHAodaCTIYLOIqaBFnExLePscJQqStUxanDIXYIxoPaFXyWYPW3ZqOp9boFJ26Tco5JNgju2Ud9sD u2DP7+LVWy6vR9dKkWe1puVUNn85sv/+rqtHs4vBL9adnF/tIeV4Febc8pnsLradvHJ93tjdyidYiu2Iv5P+SPb F7uoHReNOuszzXRog+QP753P1gdyUpryZXsmvxdMr/iiBimMcyvfc60thCBnnP3Rku0A68SlFpVor1UqWAr5nG t5AWPgFqrYv1</latexit> 
0
0
<latexit sha1_base64="arzn8gE8j0Nc1pO3aTPRko ar9Yc=">AAACanichVG7SgNBFD1ZXzE+ErVRbIIxahXuqqBYCTaW8ZEHRAm766iDm91ldxOIwR+wsxK0UhARP8P GH7DwE0Q7BRsLbzYLokG9w8ycOXPPnTMzumNKzyd6jCgdnV3dPdHeWF//wGA8MTSc9+yqa4icYZu2W9Q1T5jSE jlf+qYoOq7QKropCvrBSnO/UBOuJ21r0687Yrui7VlyVxqaz1RhK+vJ6TKVEynKUBDJdqCGIIUwsnbiGlvYgQ0D VVQgYMFnbEKDx60EFQSHuW00mHMZyWBf4Agx1lY5S3CGxuwBj3u8KoWsxetmTS9QG3yKyd1lZRJpeqAbeqV7uqU n+vi1ViOo0fRS51lvaYVTjh+Pbrz/q6rw7GP/S/WnZx+7WAy8SvbuBEzzFkZLXzs8fd1YWk83puiSntn/BT3SHd /Aqr0ZV2ti/Rwx/gD153O3g/xsRp3LzK7Np5YXw6+IYhwTmOH3XsAyVpFFLnB3gjOcR16UYWVMGW+lKpFQM4Jv oUx+Amiti/Q=</latexit>
T 0
<latexit sha1_base64="GxtcY3HzpwXjEJi/Bzme0O gI6B8=">AAACZXichVHLSgMxFD0dX7W+6gMRXFgsPlYlrYLFVcGNyz7sA1RkZkw1dDozzKSFWvwBcasuXCmIiJ/ hxh9w0S8QcangxoW30wFRUW9IcnJyz81JotmGcCVjrYDS1d3T2xfsDw0MDg2PhEfHCq5Vc3Se1y3Dckqa6nJDm DwvhTR4yXa4WtUMXtQqa+39Yp07rrDMDdmw+XZV3TNFWeiqJCq7sbATjrIY8yLyE8R9EIUfaSt8jS3swoKOGqrg MCEJG1DhUttEHAw2cdtoEucQEt4+xyFCpK1RFqcMldgKjXu02vRZk9btmq6n1ukUg7pDygjm2AO7YS/snt2yJ/b +a62mV6PtpUGz1tFye2fkaCr39q+qSrPE/qfqT88SZSQ9r4K82x7TvoXe0dcPzl5yq9m55jy7ZM/k/4K12B3dwK y/6lcZnj1HiD4g/v25f4JCIhZfiiUyy9FU0v+KIKYxi0V67xWksI408nRuGcc4wWngURlSJpTJTqoS8DXj+BLK zAcgW4n/</latexit>
FIG. 3. The flow of the improved method to make A′, B′, C′
and D′ from G and H [25]. Step (a) and (b) represent the step
(f), (g) and (a) in Fig. 2. In step (c), G and H are decomposed
in the coarse-grained direction to obtain K by the contraction
in eq. (16). In step (d), we execute the SVD of K. In step (e),
A′, B′, C′ and D′ are made by the contraction in eq. (18)–
(21). In step (f), we reorder the bonds of A′, B′, C′ and D′
for the next coarse graining.
A,X, Y and D with a method explained in appendix A.
In step (e), we contract A,X and E to make G, and
contract D,Y and F to make H as
GΩ′0x0x1 =
∑
α,Ω0,Ω2
AΩ0x0αXΩ2αx1EΩ0Ω2Ω′0 , (11)
HΩ′1x1x2 =
∑
β,Ω1,Ω3
DΩ3x2βYΩ1βx1FΩ1Ω3Ω′1 , (12)
where Ω′0 = (y
′
0, z
′
0, w
′
0) and Ω
′
1 = (y
′
1, z
′
1, w
′
1). Then,
in step (f), G and H are contracted to obtain a coarse-
grained tensor T ′,
T ′Ω′0Ω′1x0x2 =
∑
x1
GΩ′0x0x1HΩ′1x1x2 . (13)
Finally, in step (g), we reorder the bonds of T ′ for the
next direction of the coarse graining, y-axis, and redefine
T ′ as T ′Ψ′0Ψ′1y′0y′1 in the same way as the initial tensor,
where Ψ′0 = (x0, z
′
0, w
′
0) and Ψ
′
1 = (x2, z
′
1, w
′
1).
As explained in [25], the step (f), (g) and the step (a) of
the next coarse graining can be replaced by the following
method which has no truncation errors and reduces the
computational cost. The flow of the improved method
consistis of four steps which are shown in step (c), (d),
(e) and (f) of Fig. 3. In step (c) of Fig. 3, G and H are
decomposed in the coarse-grained direction as
GΩ′0x0x1 =
∑
γ
U{G}Ω′0x0γS{G}γγV{G}x1γ , (14)
HΩ′1x1x2 =
∑
δ
U{H}Ω′1x2δS{H}δδV{H}x1δ, (15)
and S{G}γγ , V{G}x1γ , V{H}x1δ and S{H}δδ are contracted
to obtain K,
Kγδ =
∑
x1
S{G}γγV{G}x1γV{H}x1δS{H}δδ. (16)
In step (d) of Fig. 3, we decompose K with the SVD,
Kγδ =
∑
α
U{K}γαS{K}ααV{K}δα, (17)
and, in step (e) of Fig. 3, we contract the following tensors
to make A′, B′, C ′ and D′,
A′Ω′0x0α =
∑
γ
U{K}γαU{G}Ω′0x0γ , (18)
B′Ω′1x2α =
∑
δ
S{K}ααV{K}δαU{H}Ω′1x2δ, (19)
C ′Ω′0x0α =
∑
γ
S{K}ααU{K}γαU{G}Ω′0x0γ , (20)
D′Ω′1x2α =
∑
δ
V{K}δαU{H}Ω′1x2δ. (21)
Finally, in step (f), we reorder the bonds of A′, B′, C ′
and D′ for the next coarse graining in a similar way to
the step (g) in Fig. 2.
The total computational cost of the original ATRG
is O(χ2d+1) and the total memory cost is O(χ2d). The
former cost comes from the step (e) in Fig. 2 and the
swapping bonds part which consists of the step (b) and
the step (c) in Fig. 2. The latter cost arises from the
swapping bonds part. Therefore, the swapping bonds
part is the bottleneck one of both the computational cost
and the memory cost in ATRG.
III. COST REDUCTION OF SWAPPING
BONDS PART
In this section we propose a swapping bonds method
instead of the step (b) and (c) in Fig. 2. The flow of the
proposed method is shown in step (c), (d), (e) and (f)
of Fig. 4. The first step of the proposed swapping bonds
method (step (c) of Fig. 4) is the SVDs of B and C as
BΩ1x1α =
∑
µ
U{B}Ω1µS{B}µµV{B}x1αµ, (22)
CΩ2x1β =
∑
ν
U{C}Ω2νS{C}ννV{C}x1βν , (23)
and defining Bs and Cs as
Bsx1αµ = S{B}µµV{B}x1αµ, (24)
Csx1βν = S{C}ννV{C}x1βν . (25)
Note that there is no truncation in this step and the red
lines in Fig. 4 mean that the maximum bond dimensions
of the indices, µ and ν, are taken to be χ2. In step (d) of
4Cost reduction of step b and c in ATRG.
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FIG. 4. The cost reduction of the swapping bonds part in
ATRG. Step (a) and (b) represent the step (b) and (c) of
Fig. 2. In step (c), we perform the SVDs of B and C to make
Bs and Cs by the contractions in eq. (24) and (25). Note
that there is no truncation in this step and the red lines mean
that the maximum bond dimensions of the indices, µ and ν,
are taken to be χ2. In step (d), M s is made of the contraction
of Bs and Cs by summing up the bond x1. In step (e), the
combinations of the bonds are changed from µα of Bs and
βν of Cs to να of Xs and µβ of Y s using the PSVD. In step
(f), we contract Xs and U{C} by summing up the bonds ν
to make X, and contract Y s and U{B} by summing up the
bonds µ to make Y .
Fig. 4, we perform the contraction of Bs and Cs to make
M s,
M sµναβ =
∑
x1
Bsx1αµC
s
x1βν . (26)
Then, in step (e) of Fig. 4, we change the combinations
of the bonds from µα of Bs and βν of Cs to να of Xs
and µβ of Y s as
M sµναβ '
χ∑
x1=1
U{Ms}ναx1S{Ms}x1x1V{Ms}µβx1 , (27)
Xsναx1 =
√
S{Ms}x1x1U{Ms}ναx1 , (28)
Y sµβx1 =
√
S{Ms}x1x1V{Ms}µβx1 , (29)
using the PSVD. Finally, in step (f) of Fig. 4, we make
X and Y as
XΩ2αx1 =
∑
ν
Xsναx1U{C}Ω2ν , (30)
YΩ1βx1 =
∑
µ
Y sµβx1U{B}Ω1µ. (31)
By applying the above method to ATRG, we
can reduce the computational cost from O(χ2d+1) to
O(χmax(d+3,7)) in the swapping part and the memory cost
of the whole algorithm from O(χ2d) to O(χmax(d+1,6)) 4.
4 Note that the memory cost can be reduced to O(χmax(d+1,6)) if
(χ(init))2d < χmax(d+1,6).
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FIG. 5. The free energy density of the four dimensional Ising
model as a function of χ on 10244 lattice. The temperature is
set to 6.68. The result of the proposed algorithm is consistent
with that of the original ATRG.
IV. NUMERICAL RESULTS
In this section, we present the results of the four-
dimensional hypercubic Ising model with the periodic
boundary condition to examine the effectiveness of the
proposed swapping bonds method. We use the Ising
model which has 10244 spin sites and set the temper-
ature to 6.68, which is close to the critical point of the
Monte Carlo result [45]. We use the RSVD as the PSVD
part, and the parameters of the RSVD iterations and
oversamples are taken to be χ and 2χ respectively. The
detail study of these parameters is given in appendix B.
First, we show the comparison between ATRG us-
ing the proposed method and the original ATRG. The
free energy densities obtained by the two algorithms are
shown in Fig. 5. From this figure, we can see that the
result of the proposed algorithm is consistent with that
of the original ATRG. This consistency would be because
the rank of M in the original ATRG is χ3 and coincides
with the rank of M s in the proposed algorithm. Next,
Fig. 6 shows the total elapsed times of the two algorithms
and the time of the proposed algorithm is significantly re-
duced from that of the original ATRG for larger χ. From
Fig. 5 and 6, we conclude that the performance of ATRG
can be improved without the loss of the accuracy of the
free energy density. Figure 7 shows the details of the
elapsed times of the two algorithms at χ = 16. We can
see that the speeding up of ATRG is attained by the
cost reduction of the swapping bonds part and the step
(e) in Fig. 2, which contains O(χ9) contractions, turns
out to be the most time-consuming part in the proposed
algorithm.
Next, we compare the results of the proposed algo-
rithm and HOTRG. The maximum bond dimensions in
HOTRG are set to the integers in 3 ≤ χ ≤ 7. Figure 8
shows the relation between the free energy densities and
the elapsed times of the two algorithms. The elapsed
times are monotonically increasing when the bond di-
mensions are growing in this figure. We assume that
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FIG. 6. The total elapsed time as a function of χ. The time
of the proposed algorithm is significantly reduced from that
of the original ATRG for larger χ.
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FIG. 7. The detail of the total elapsed time at χ = 16. The
bottleneck part in the original ATRG is the swapping bonds
part, while the step (e) in Fig. 2 turns out to be the most
time-consuming part in the proposed algorighm.
the larger the maximum bond dimension χ is, the higher
the accuracy of the free energy density becomes. Since
the free energy densities of the proposed algorithm and
HOTRG are monotonically decreasing as the maximum
bond dimensions are increasing in Fig. 8, we can con-
sider that the lower the free energy density is, the higher
the accuracy of that becomes. From this view point, the
proposed algorithm can obtain more accurate free energy
density than HOTRG in the same elapsed time when the
maximum bond dimensions of the two algorithms are in-
creasing.
We use the machine which has 132GB for the
memory and Intel(R) Xeon(R) CPU E5-2690 v4 @
2.60GHz for the CPU. The programs of the algo-
rithms are written with python 3.7.1 and we use
numpy.tensordot in numpy 1.15.4 for the tensor contrac-
tions and scipy.linalg.svd in scipy 1.1.0 for the SVD of
the tensors and sklearn.utils.extmath.randomized svd in
scikit-learn 0.20.1 for the RSVD of the tensors.
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FIG. 8. The free energy density of the four dimensional Ising
model as a function of the elapsed time on 10244 lattice and
the temperature is set to 6.68. The result of the proposed
algorithm can reach lower than that of HOTRG in the same
elapsed time when the maximum bond dimensions of the two
algorithms are increasing.
V. SUMMARY
We propose the swapping bonds method of which the
computational cost can be reduced from O(χ2d+1) to
O(χmax(d+3,7)). Moreover, the memory cost of the whole
algorithm can be reduced from O(χ2d) to O(χmax(d+1,6))
with the method. We examine ATRG using the method
with the four-dimensional hypercubic Ising model and
find that the free energy density obtained by the al-
gorithm is consistent with that obtained by the orig-
inal ATRG while the elapsed time is significantly re-
duced. Moreover, we compare the proposed algorithm
with HOTRG in terms of the free energy density of the
Ising model and the elapsed time. Then, we find that the
proposed algorithm can obtain more accurate free energy
density than HOTRG in the same elapsed time for the
large maximum bond dimensions.
For the future works, the step (e) in Fig. 2, which has
the O(χ2d+1) contractions, is the bottleneck part of the
proposed algorithm. To speed up this part, we will apply
the paralell computings to the bottleneck contractions.
Furthermore, we will analyze physical quantities of the
four-dimensional Ising model with large maximum bond
dimensions to compare with other results [45, 46].
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Appendix A: Making E and F
In this appendix, we explain a method of making the
tensors, E and F , in step (d) of Fig. 2. Figure 9 shows the
flow of the method to make the tensors for y-axis. Before
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<latexit sha1_base64="niAnwjKFXHlK/tn2LhM Xuqieuww=">AAACZHichVFNSwJBGH7cvswsLQmCICQxOsloQdJJ6NKhgx/5ASayu421uO4uu6tg0h+oa9G hU0FE9DO69Ac6+AeC6GjQpUOv60KUVO8wM8888z7vPDMjGapi2Yx1PcLI6Nj4hHfSN+WfngkEZ+cKlt40Z Z6XdVU3S5JocVXReN5WbJWXDJOLDUnlRam+1d8vtrhpKbq2a7cNXmmIB5pSU2TRJiqzUw1GWIw5ER4GcR dE4EZaD95iD/vQIaOJBjg02IRViLColREHg0FcBR3iTEKKs89xDB9pm5TFKUMktk7jAa3KLqvRul/TctQy naJSN0kZRpQ9sTvWY4/snr2wj19rdZwafS9tmqWBlhvVwMlC7v1fVYNmG4dfqj8926gh6XhVyLvhMP1byA N96+iil9vMRjsr7Jq9kv8r1mUPdAOt9SbfZHj2Ej76gPjP5x4GhUQsvhZLZNYjqaT7FV4sYhmr9N4bSGE baeTpXI5TnOHc8yz4hZAwP0gVPK4mhG8hLH0CnJiJxg==</latexit>
W
<latexit sha1_base64="HdBbK3V0oV3GKD5U1DR NkI7XLK0=">AAACZHichVFNSwJBGH7cvswsLQmCICQxOsloQdJJ6NLRj/wAE9ndRltcd5fdVTDpD9S16NC pICL6GV36Ax38A0F0NOjSodd1IUqqd5iZZ555n3eemZEMVbFsxnoeYWx8YnLKO+2b8c/OBYLzCwVLb5kyz 8u6qpslSbS4qmg8byu2ykuGycWmpPKi1NgZ7Bfb3LQUXduzOwavNMW6ptQUWbSJyhSrwQiLMSfCoyDugg jcSOvBW+zjADpktNAEhwabsAoRFrUy4mAwiKugS5xJSHH2OY7hI22LsjhliMQ2aKzTquyyGq0HNS1HLdMp KnWTlGFE2RO7Y332yO7ZC/v4tVbXqTHw0qFZGmq5UQ2cLOXe/1U1abZx+KX607ONGpKOV4W8Gw4zuIU81L ePLvq57Wy0u8au2Sv5v2I99kA30Npv8k2GZy/how+I/3zuUVBIxOIbsURmM5JKul/hxTJWsU7vvYUUdpF Gns7lOMUZzj3Pgl8ICYvDVMHjakL4FsLKJ7KYidE=</latexit>
A(y)
<latexit sha1_base64= "YIYPY0fkmPOfhTk4ZYGSmhA+7Xk=">AAACanichV G7SgNBFD1Z3/EVY6OkEWNEmzAbBcUqYmOp0SSCL3b XUQf3xe4mEJf8gJ2VoJWCiPgZNv6AhZ8g2kWwsfD uZkE0qHeYmTNn7rlzZka1deF6jD3FpLb2js6u7p54 b1//wGBiKFlyrYqj8aJm6ZazoSou14XJi57wdL5hO 1wxVJ2X1aOlYL9c5Y4rLHPdq9l821AOTLEvNMUjqr y440/Vpuu7iTTLsjDGWoEcgTSiWLESN9jCHixoqMA AhwmPsA4FLrVNyGCwiduGT5xDSIT7HHXESVuhLE4 ZCrFHNB7QajNiTVoHNd1QrdEpOnWHlGPIsEd2yxrs gd2xZ/bxay0/rBF4qdGsNrXc3h08GVl7/1dl0Ozh8 Ev1p2cP+5gPvQrybodMcAutqa8enzXWFgoZf5JdsR fyf8me2D3dwKy+adervHCBOH2A/PO5W0Epl5Vnsrn V2XR+PvqKbqQwjil67znksYwVFEN3pzjHRexVSkqj UqqZKsUizTC+hTTxCa4cjBc=</latexit>
(A(y))†
<latexit sha1_base64="f0vlwdeFZT5eIVBB6x2 vT9OVnjg=">AAACcXichVHLSgMxFD0d3/VVdaO4KS1KRSiZKiiuFDcu1dpW0FZmxlhD58XMtFCLP+APKLh qQUT8DDf+gAs/QVxWcOPCO9MB0aLekOTk5J6bk0S1deF6jD1HpJ7evv6BwaHo8Mjo2HhsYjLvWlVH4znN0 i1nX1VcrguT5zzh6XzfdrhiqDovqJVNf79Q444rLHPPq9u8aChlU5wITfGIKqU2So1UfeF8oXR4rJSPYk mWZkHEu4EcgiTC2LZitzjEMSxoqMIAhwmPsA4FLrUDyGCwiSuiQZxDSAT7HOeIkrZKWZwyFGIrNJZpdRCy Jq39mm6g1ugUnbpDyjjm2BO7Y232yO7ZC/v4tVYjqOF7qdOsdrTcPhq/mM6+/6syaPZw+qX607OHE6wGXg V5twPGv4XW0dfOLtvZtd25xjxrsVfy32TP7IFuYNbetJsdvnuNKH2A/PO5u0E+k5aX0pmd5eT6avgVg5h FAil67xWsYwvbyNG5Dq7QRCvSlmakuJTopEqRUDOFbyEtfgI3ZI6U</latexit>
(X(y))†
<latexit sha1_base64="ghB84a8j0a2Pwc+28Tg rzQoio/M=">AAACcXichVHLSgMxFD0d3/VVdaO4KZZKRSipCoorwY3LPuwDtC0z01gH58VMWqjFH/AHFFx ZEBE/w40/4KKfIC4ruHHhnemAqKg3JDk5uefmJFFsXXMFY92QNDA4NDwyOhYen5icmo7MzBZcq+GoPK9au uWUFNnlumbyvNCEzku2w2VD0XlROdn19otN7riaZe6Lls3Lhlw3tSNNlQVRlUSp0k60Vs5WKoc1uV6NxF iS+RH9CVIBiCGItBW5xSFqsKCiAQMcJgRhHTJcagdIgcEmrow2cQ4hzd/nOEOYtA3K4pQhE3tCY51WBwFr 0tqr6fpqlU7RqTukjCLOntgd67FHds+e2fuvtdp+Dc9Li2alr+V2dfp8Pvf2r8qgWeD4U/WnZ4EjbPleNf Ju+4x3C7Wvb55e9HLb2Xh7mXXYC/m/Zl32QDcwm6/qTYZnrxCmD0h9f+6foLCWTK0n1zIbsZ2t4CtGsYg lJOi9N7GDPaSRp3MdXOIanVBPWpCi0lI/VQoFmjl8CWn1A2Z4jqs=</latexit>
X(y)
<latexit sha1_base64= "z662YM2GHGDtphFEbEgPdVjJu1U=">AAACanichV G7SgNBFD1Z3/GRqI1iE4yKNmGigmIVsLFMjHlAjLK 7jnFxX+xOAjH4A3ZWgqkURMTPsPEHLPIJol0EGwv vbhZEg3qHmTlz5p47Z2YUW9dcwVgrJPX09vUPDA6F h0dGxyLR8Ym8a1UdledUS7ecoiK7XNdMnhOa0HnRd rhsKDovKMeb3n6hxh1Xs8wdUbd52ZArpnaoqbIgql DcayzWl073o3GWYH7EukEyAHEEkbait9jFASyoqMI AhwlBWIcMl1oJSTDYxJXRIM4hpPn7HKcIk7ZKWZw yZGKPaazQqhSwJq29mq6vVukUnbpDyhjm2RO7Y232 yO7ZM/v4tVbDr+F5qdOsdLTc3o+cTWXf/1UZNAscf an+9CxwiHXfq0bebZ/xbqF29LWTi3Z2Y3u+scCu2Q v5v2It9kA3MGtv6k2GbzcRpg9I/nzubpBfTiRXEsu Z1XhqPfiKQcxgFov03mtIYQtp5Hx357hEM/QqTUjT 0kwnVQoFmkl8C2nuE9ymjC4=</latexit>
F (y)
<latexit sha1_base64="DGb0JbN2Nmu7KhVe5Uy Kns/VC9s=">AAACanichVHLSsNAFD2N7/qqdaN0I9aKbsqkCoqrgiAutdpW8EUSRx3MiyQt1NAfcOdK0JW CiPgZbvwBF36C6K6CGxfepAHRot5hZs6cuefOmRnV1oXrMfYUk9raOzq7unvivX39A4OJoWTJtSqOxouap VvOhqq4XBcmL3rC0/mG7XDFUHVeVo8Wg/1ylTuusMx1r2bzbUM5MMW+0BSPqPLSjj9Vm67vJtIsy8IYaw VyBNKIYsVK3GALe7CgoQIDHCY8wjoUuNQ2IYPBJm4bPnEOIRHuc9QRJ22FsjhlKMQe0XhAq82INWkd1HRD tUan6NQdUo4hwx7ZLWuwB3bHntnHr7X8sEbgpUaz2tRye3fwZGTt/V+VQbOHwy/Vn5497GM+9CrIux0ywS 20pr56fNZYWyhk/El2xV7I/yV7Yvd0A7P6pl2v8sIF4vQB8s/nbgWlXFaeyeZWZ9P5+egrupHCOKbovee QxzJWUAzdneIcF7FXKSmNSqlmqhSLNMP4FtLEJ7g6jBw=</latexit>E(y)<latexit sha1_base64="uVugUH378kGXGjOuxfl SRMPTXK4=">AAACanichVHLSsNAFD2N7/qqdaN0I9aKbsqkCoqrgggutdpW8EUSRx3MiyQt1NAfcOdK0JW CiPgZbvwBF36C6K6CGxfepAHRot5hZs6cuefOmRnV1oXrMfYUk9raOzq7unvivX39A4OJoWTJtSqOxouap VvOhqq4XBcmL3rC0/mG7XDFUHVeVo8Wg/1ylTuusMx1r2bzbUM5MMW+0BSPqPLSjj9Vm67vJtIsy8IYaw VyBNKIYsVK3GALe7CgoQIDHCY8wjoUuNQ2IYPBJm4bPnEOIRHuc9QRJ22FsjhlKMQe0XhAq82INWkd1HRD tUan6NQdUo4hwx7ZLWuwB3bHntnHr7X8sEbgpUaz2tRye3fwZGTt/V+VQbOHwy/Vn5497GM+9CrIux0ywS 20pr56fNZYWyhk/El2xV7I/yV7Yvd0A7P6pl2v8sIF4vQB8s/nbgWlXFaeyeZWZ9P5+egrupHCOKbovee QxzJWUAzdneIcF7FXKSmNSqlmqhSLNMP4FtLEJ7Y0jBs=</latexit>
N
<latexit sha1_base64="yGGJ8dwq/goDbIz4sdn 0CDGc8J0=">AAACZHichVFNSwJBGH7cvswsLQmCICQxOsloQdJJ6NIp/MgPMJHdbazFdXfZXQWT/kBdiw6 dCiKin9GlP9DBPxBER4MuHXpdF6KkeoeZeeaZ93nnmRnJUBXLZqzrEUZGx8YnvJO+Kf/0TCA4O1ew9KYp8 7ysq7pZkkSLq4rG87Ziq7xkmFxsSCovSvWt/n6xxU1L0bVdu23wSkM80JSaIos2UZmdajDCYsyJ8DCIuy ACN9J68BZ72IcOGU00wKHBJqxChEWtjDgYDOIq6BBnElKcfY5j+EjbpCxOGSKxdRoPaFV2WY3W/ZqWo5bp FJW6ScowouyJ3bEee2T37IV9/Fqr49Toe2nTLA203KgGThZy7/+qGjTbOPxS/enZRg1Jx6tC3g2H6d9CHu hbRxe93GY22llh1+yV/F+xLnugG2itN/kmw7OX8NEHxH8+9zAoJGLxtVgisx5JJd2v8GIRy1il995ACtt II0/ncpziDOeeZ8EvhIT5QargcTUhfAth6ROgmInI</latexit>
c
⌘
<latexit sha1_base64="vENSepCuW2OXsy9Sntg RFVhdfJY=">AAACZ3ichVHLSsNAFD2Nr1ofrQoiuKmWiqsyqYLFVcGNS199QFtKEqc1NE1CMi3U4g+4cFv BlYKI+Blu/AEXfoK4VHDjwps0IFrUO8zMmTP33Dkzo9qG7grGnkLS0PDI6Fh4PDIxOTUdjc3M5l2r5Wg8p 1mG5RRVxeWGbvKc0IXBi7bDlaZq8ILa2PL2C23uuLplHoiOzStNpW7qNV1ThEeVuVCqsQRLMT/ig0AOQA JB7FixG5RxCAsaWmiCw4QgbECBS60EGQw2cRV0iXMI6f4+xwkipG1RFqcMhdgGjXValQLWpLVX0/XVGp1i UHdIGUeSPbJb9soe2B17Zh+/1ur6NTwvHZrVvpbb1ejpwv77v6omzQJHX6o/PQvUkPG96uTd9hnvFlpf3z 7uve5v7iW7K+yKvZD/S/bE7ukGZvtNu97lexeI0AfIP597EOTTKXktld5dT2QzwVeEsYhlrNJ7byCLbew gR+ce4Qw9nIeepag0Ly30U6VQoJnDt5CWPgGjPYsu</latexit>
✓
<latexit sha1_base64="zFjwk7Uh220WSe9qcKE LlJLqswk=">AAACaXichVG7SgNBFD1ZXzG+Em2CNsGgWIXZKChWARvLmJhEUJHddTSjm91ldxLQ4A9Y2Yl aKYiIn2HjD1jkEySlgo2FdzcLokG9w8ycOXPPnTMzumMKTzLWiig9vX39A9HB2NDwyOhYPDFe9uy6a/CSY Zu2u6FrHjeFxUtSSJNvOC7XarrJK/rhir9faXDXE7a1Lo8cvl3T9i2xJwxNElXeklUutZ14mmVYEKluoI YgjTDydvwOW9iFDQN11MBhQRI2ocGjtgkVDA5x22gS5xISwT7HCWKkrVMWpwyN2EMa92m1GbIWrf2aXqA2 6BSTukvKFGbYM7tnr+yJPbAX9vFrrWZQw/dyRLPe0XJnZ+w0WXz/V1WjWaL6pfrTs8QelgKvgrw7AePfwu joG8fnr8Xlwkxzlt2wNvm/Zi32SDewGm/G7RovXCFGH6D+fO5uUM5m1PlMdm0hnVsKvyKKKUxjjt57ETm sIo8SnXuAM1zgMtJWEkpSmeykKpFQM4FvoaQ/AanpjB4=</latexit>
U{P}
<latexit sha1_base64="Ua60RbV5nhjazU0/Kgz +q+vaaCk=">AAACbHichVG7SgNBFD1Z3/GR+CiEIIhBsQqTKChWgo1lHq4PjITdddQh+2J3E9AlP2BrYaE WCiLiZ9j4Axb5BBFsIthYeHezICrqHWbmzJl77pyZUW1duB5jzZjU0dnV3dPbF+8fGBxKJIdH1l2r5mhc1 izdcjZVxeW6MLnsCU/nm7bDFUPV+YZaXQn2N+rccYVlrnmHNt8xlH1T7AlN8Yjakit+2c+XG41KMs0yLI zJnyAbgTSiyFvJG5SxCwsaajDAYcIjrEOBS20bWTDYxO3AJ84hJMJ9jgbipK1RFqcMhdgqjfu02o5Yk9ZB TTdUa3SKTt0h5SSm2SO7ZS32wO7YE3v/tZYf1gi8HNKstrXcriSOx0tv/6oMmj0cfKr+9OxhD4uhV0He7Z AJbqG19fWj01ZpqTjtz7Ar9kz+L1mT3dMNzPqrdl3gxTPE6QOy35/7J1jPZbJzmVxhPr28GH1FL1KYwiy 99wKWsYo8ZDrXwAnOcRF7kcaklDTRTpVikWYUX0Ka+QCWSI12</latexit>
U †{P}
<latexit sha1_base64= "tKCQWZGo0frCyvA+x50KcAS/JHU=">AAACcXichV HLSgMxFD0dX7U+WnWjuCmWiiCUjAqKq4Ibl/VRW+i LmWmsg/NiJi3o0B/wBxRcKYiIn+HGH3DhJ4jLCm5 ceDsdEC3qDUlOTu65OUlUx9A9wdhzRBoYHBoeiY7G xsYnJuOJqekDz266Gs9rtmG7RVXxuKFbPC90YfCi4 3LFVA1eUI+3uvuFFnc93bb2xYnDK6bSsPRDXVMEUd V8tVxXGjW/7OfK7XYtkWIZFkSyH8ghSCGMnJ24RRl 12NDQhAkOC4KwAQUetRJkMDjEVeAT5xLSg32ONmK kbVIWpwyF2GMaG7QqhaxF625NL1BrdIpB3SVlEmn2 xO5Yhz2ye/bCPn6t5Qc1ul5OaFZ7Wu7U4meze+//q kyaBY6+VH96FjjERuBVJ+9OwHRvofX0rdPzzt7mbt pfZNfslfxfsWf2QDewWm/azQ7fvUSMPkD++dz94GA lI69mVnbWUtmN8CuimMcClui915HFNnLI07kuLnCF 60hHmpOS0kIvVYqEmhl8C2n5EzJlj44=</latexi t>
U†{Q}
<latexit sha1_base64="G+O/e4aXrkL7XO/C2MJ razBoJlY=">AAACcXichVHLSgMxFD0dX7U+WnWjuCmWiiCUjAqKq4Ibl31YFdpaZsZYB+fFTFrQoT/gDyi 4UhARP8ONP+CinyAuK7hx4e10QLSoNyQ5Obnn5iRRHUP3BGPtiDQwODQ8Eh2NjY1PTMYTU9O7nt1wNV7Sb MN291XF44Zu8ZLQhcH3HZcrpmrwPfVkq7u/1+Sup9vWjjh1eNVU6pZ+pGuKIOqgdFA5VOo1v+LnK61WLZ FiGRZEsh/IIUghjJyduEMFh7ChoQETHBYEYQMKPGplyGBwiKvCJ84lpAf7HC3ESNugLE4ZCrEnNNZpVQ5Z i9bdml6g1ugUg7pLyiTS7Jndsw57Yg/shX38WssPanS9nNKs9rTcqcXPZ4vv/6pMmgWOv1R/ehY4wkbgVS fvTsB0b6H19M2zi05xs5D2F9kNeyX/16zNHukGVvNNu83zwhVi9AHyz+fuB7srGXk1s5JfS2U3wq+IYh4 LWKL3XkcW28ihROe6uMQ1biIdaU5KSgu9VCkSambwLaTlTzRoj48=</latexit>
U{Q}
<latexit sha1_base64="KW3IGiZN8v35/rWvYLQ 1EZKNI5g=">AAACbHichVG7SgNBFD1ZXzE+Eh+FIEIwKFZhooLBKmBjadRNIkbC7jrq4L7Y3QTikh+wtbB QCwUR8TNs/AELP0EEGwUbC+9uFkRFvcPMnDlzz50zM6qtC9dj7CEmdXR2dffEexN9/QODydTQcMm16o7GZ c3SLaeiKi7XhcllT3g6r9gOVwxV52V1fynYLze44wrLXPeaNt8ylF1T7AhN8YjakGt+1S9WW61aKsOyLI z0T5CLQAZRrFipK1SxDQsa6jDAYcIjrEOBS20TOTDYxG3BJ84hJMJ9jhYSpK1TFqcMhdh9GndptRmxJq2D mm6o1ugUnbpDyjSm2D27Zi/sjt2wR/b+ay0/rBF4adKstrXcriUPx9be/lUZNHvY+1T96dnDDvKhV0He7Z AJbqG19Y2D45e1xdUpf5pdsCfyf84e2C3dwGy8apdFvnqCBH1A7vtz/wSl2WxuLjtbnM8U8tFXxDGOScz Qey+ggGWsQKZzDRzhFGexZ2lUGpcm2qlSLNKM4EtI0x+YS413</latexit>
yˆ0
<latexit sha1_base64="FENtTLBKdnCBSnnCUCg Ui7WZMVQ=">AAACbHichVG7SgNBFD1Z3/EVH4UQBDEoVuGuCoqVYGPpK4mSSNhdR7O4L3YngRj8AVsLC7V QEBE/w8YfsMgniGCjYGPhzWZBVNQ7zMyZM/fcOTOje5YZSKJ6TGlpbWvv6OyKd/f09vUnBgazgVv2DZExX Mv1N3UtEJbpiIw0pSU2PV9otm6JnL6/1NjPVYQfmK6zIaue2La1PcfcNQ1NMrVVKGmyVj0sUjGRojSFMf YTqBFIIYoVN3GNAnbgwkAZNgQcSMYWNATc8lBB8JjbRo05n5EZ7gscIs7aMmcJztCY3edxj1f5iHV43agZ hGqDT7G4+6wcwwQ90A290D3d0iO9/1qrFtZoeKnyrDe1wiv2H42sv/2rsnmWKH2q/vQssYv50KvJ3r2Qad zCaOorBycv6wtrE7VJuqQn9n9BdbrjGziVV+NqVaydIs4foH5/7p8gO51WZ9LTq7OpxfnoKzqRxDim+L3 nsIhlrCDD59o4xhnOY8/KsJJURpupSizSDOFLKJMfcTqNYw==</latexit>
yˆ1
<latexit sha1_base64="ExgpQGOLVaQZ/R9UJyT vcSNIuXI=">AAACbHichVG7SgNBFD1ZXzG+4qMQRAiGBKswGwWDVcDGMg+jEZWwu45mcV/sTgIx5AdsLSz UQkFE/Awbf8DCTxDBJoKNhTebBVFR7zAzZ87cc+fMjOoYuicYewxJPb19/QPhwcjQ8MjoWHR8Yt2za67GS 5pt2G5ZVTxu6BYvCV0YvOy4XDFVg2+oByud/Y06dz3dttZEw+E7prJv6Xu6pgiiNrerimg2WhW5Eo2zFP Mj9hPIAYgjiJwdvcY2dmFDQw0mOCwIwgYUeNS2IIPBIW4HTeJcQrq/z9FChLQ1yuKUoRB7QOM+rbYC1qJ1 p6bnqzU6xaDukjKGBHtgN6zN7tkte2Lvv9Zq+jU6Xho0q10tdypjR9PFt39VJs0C1U/Vn54F9pDxverk3f GZzi20rr5+eNIuLhcSzSS7ZM/k/4I9sju6gVV/1a7yvHCKCH2A/P25f4L1dEpeSKXzi/FsJviKMGYwh3l 67yVksYocSnSuiWOc4Tz0Ik1JM9JsN1UKBZpJfAkp+QFzOo1k</latexit>
(d)
<latexit sha1_base64="gWlz1d93RVfH01mCN5M wdvl0koA=">AAACb3ichVHLSgMxFD0dX7W+qi4UBCkWRTclVcHiSnDjsg/bCraUmTHawXkxkxZ08Af8AF2 48AEi4me48Qdc9BPElVRw48I70wFRUW9IcnJyz81Joti65grGWhGpq7unty/aHxsYHBoeiY+OlVyr4ai8q Fq65Wwpsst1zeRFoQmdb9kOlw1F52Vlf93fLze542qWuSkObF415D1T29VUWRBVqRiyqDuGN7+zcFSLJ1 mKBZH4CdIhSCKMrBW/QQU7sKCiAQMcJgRhHTJcattIg8EmrgqPOIeQFuxzHCFG2gZlccqQid2ncY9W2yFr 0tqv6QZqlU7RqTukTGCWPbJb1mYP7I49sfdfa3lBDd/LAc1KR8vt2sjxZOHtX5VBs0D9U/WnZ4FdZAKvGn m3A8a/hdrRNw9P24XV/Kw3x67YM/m/ZC12Tzcwm6/qdY7nzxCjD0h/f+6foLSYSi+lFnPLybVM+BVRTGE G8/TeK1jDBrIo0rk2TnCOi8iLNCFNS4lOqhQJNeP4EtLCB971jno=</latexit>
(f)
<latexit sha1_base64="trMFno2oSCxIFQDbJwK zGUL4TW8=">AAACZnichVFNSwJBGH7cvsw+tCIKukhi2EVGC5JOQpeOfuQHmMjuNtriurvsroJJfyDomod OBRHRz+jSH+jgPyg6GnTp0Ou6ECXVO8zMM8+8zzvPzEiGqlg2Yz2PMDY+MTnlnfbNzM7N+wMLi3lLb5oyz 8m6qptFSbS4qmg8Zyu2youGycWGpPKCVN8b7Bda3LQUXTuw2wYvN8SaplQVWbSJykaqm5VAiEWZE8FREH NBCG6k9MAtDnEEHTKaaIBDg01YhQiLWgkxMBjEldEhziSkOPscp/CRtklZnDJEYus01mhVclmN1oOalqOW 6RSVuknKIMLsid2xPntk9+yFffxaq+PUGHhp0ywNtdyo+M9Ws+//qho02zj+Uv3p2UYVCcerQt4NhxncQh 7qWyfdfnY3E+5ssGv2Sv6vWI890A201pt8k+aZS/joA2I/n3sU5OPR2FY0nt4OJRPuV3ixhnVE6L13kMQ +UsjRuTWc4wJdz7MwLywLK8NUweNqlvAthOAnvh+KRQ==</latexit>
(e)
A(y)
<latexit sha1_base64="YIYPY0fkmPOfhTk4ZYG SmhA+7Xk=">AAACanichVG7SgNBFD1Z3/EVY6OkEWNEmzAbBcUqYmOp0SSCL3bXUQf3xe4mEJf8gJ2VoJW CiPgZNv6AhZ8g2kWwsfDuZkE0qHeYmTNn7rlzZka1deF6jD3FpLb2js6u7p54b1//wGBiKFlyrYqj8aJm6 ZazoSou14XJi57wdL5hO1wxVJ2X1aOlYL9c5Y4rLHPdq9l821AOTLEvNMUjqry440/Vpuu7iTTLsjDGWo EcgTSiWLESN9jCHixoqMAAhwmPsA4FLrVNyGCwiduGT5xDSIT7HHXESVuhLE4ZCrFHNB7QajNiTVoHNd1Q rdEpOnWHlGPIsEd2yxrsgd2xZ/bxay0/rBF4qdGsNrXc3h08GVl7/1dl0Ozh8Ev1p2cP+5gPvQrybodMcA utqa8enzXWFgoZf5JdsRfyf8me2D3dwKy+adervHCBOH2A/PO5W0Epl5VnsrnV2XR+PvqKbqQwjil67zn ksYwVFEN3pzjHRexVSkqjUqqZKsUizTC+hTTxCa4cjBc=</latexit>
X(y)
<latexit sha1_base64="z662YM2GHGDtphFEbEg PdVjJu1U=">AAACanichVG7SgNBFD1Z3/GRqI1iE4yKNmGigmIVsLFMjHlAjLK7jnFxX+xOAjH4A3ZWgqk URMTPsPEHLPIJol0EGwvvbhZEg3qHmTlz5p47Z2YUW9dcwVgrJPX09vUPDA6Fh0dGxyLR8Ym8a1UdledUS 7ecoiK7XNdMnhOa0HnRdrhsKDovKMeb3n6hxh1Xs8wdUbd52ZArpnaoqbIgqlDcayzWl073o3GWYH7Euk EyAHEEkbait9jFASyoqMIAhwlBWIcMl1oJSTDYxJXRIM4hpPn7HKcIk7ZKWZwyZGKPaazQqhSwJq29mq6v VukUnbpDyhjm2RO7Y232yO7ZM/v4tVbDr+F5qdOsdLTc3o+cTWXf/1UZNAscfan+9CxwiHXfq0bebZ/xbq F29LWTi3Z2Y3u+scCu2Qv5v2It9kA3MGtv6k2GbzcRpg9I/nzubpBfTiRXEsuZ1XhqPfiKQcxgFov03mt IYQtp5Hx357hEM/QqTUjT0kwnVQoFmkl8C2nuE9ymjC4=</latexit>
Y (y)
<latexit sha1_base64="lYdv4s5JtXPaU4cYYx2 /mczCRoQ=">AAACanichVFNLwNBGH66vuujxYX0IorUpZlFQpwkLo6lqoSS3TWtTfcru9MmtfEH3JwkeiI RET/DxR9w8BOEG4mLg3e3mwiCdzIzzzzzPu88M6M6hu4Jxh5iUlt7R2dXd0+8t69/IJEcHNrw7Jqr8YJmG 7a7qSoeN3SLF4QuDL7puFwxVYMX1epysF+sc9fTbWtdNBxeMpWKpZd1TRFEFbd2/Uxj+mgvmWZZFsbYTy BHII0ocnbyCjvYhw0NNZjgsCAIG1DgUduGDAaHuBJ84lxCerjPcYQ4aWuUxSlDIbZKY4VW2xFr0Tqo6YVq jU4xqLukHMMku2fX7IXdsRv2yN5/reWHNQIvDZrVlpY7e4njkfzbvyqTZoGDT9WfngXKWAi96uTdCZngFl pLXz88fckvrk36U+yCPZH/c/bAbukGVv1Vu1zla03E6QPk78/9E2zMZOXZ7MzqXHppIfqKbqQwjgy99zy WsIIcCqG7E5yhGXuWhqRRKdVKlWKRZhhfQpr4AN6sjC8=</latexit>
D(y)
<latexit sha1_base64="5eK2RL8R08fWpeFdE+R IINLltYI=">AAACanichVG7SgNBFD1Z3/EVY6OkEWNEmzAbBcUqoIWlRpMIvthdRx3cF7ubQFzyA3ZWglY KIuJn2PgDFn6CaBfBxsK7mwXRoN5hZs6cuefOmRnV1oXrMfYUk9raOzq7unvivX39A4OJoWTJtSqOxouap VvOhqq4XBcmL3rC0/mG7XDFUHVeVo8Wg/1ylTuusMx1r2bzbUM5MMW+0BSPqPLSjj9Vm67vJtIsy8IYaw VyBNKIYsVK3GALe7CgoQIDHCY8wjoUuNQ2IYPBJm4bPnEOIRHuc9QRJ22FsjhlKMQe0XhAq82INWkd1HRD tUan6NQdUo4hwx7ZLWuwB3bHntnHr7X8sEbgpUaz2tRye3fwZGTt/V+VQbOHwy/Vn5497GM+9CrIux0ywS 20pr56fNZYWyhk/El2xV7I/yV7Yvd0A7P6pl2v8sIF4vQB8s/nbgWlXFaeyeZWZ9P5+egrupHCOKbovee QxzJWUAzdneIcF7FXKSmNSqlmqhSLNMP4FtLEJ7QujBo=</latexit>
FIG. 9. The flow of the making E and F for y-axis in step
(d) of Fig. 2. In step (a), we contract a tensor, A(y)(X(y)),
and its conjugate to make a tensor, L(W ). In step (b), L
and W are contracted by summing up the bonds α and α˜. In
step (c), we perform the SVD or the eigenvalue decomposition
of P and the truncation to retain χ largest singular values.
The step (a), (b) and (c) are the example of obtaining U{P}
and we can also obtain Q and U{Q} from Y and D similarly.
In step (d), the isometries, U†{P}, U{P}, U{Q} and U
†
{Q}, are
inserted between A(y)X(y) and Y (y)D(y). In step (e), U{P}
and U{Q} are contracted by summing up the bonds yˆ0 and
yˆ1 to make N . In step (f), we decompose N with the SVD
and make E(y) and F (y) by the contractions in eq. (A9) and
(A10) respectively.
starting the method for y-axis, we reorder the bonds of
A and X as
A
(y)
Ψ0y0α
= AΩ0x0α, (A1)
X
(y)
Ψ2αy2
= XΩ2αx1 , (A2)
where the superscript (y) represents the y-axis direction
and Ψ0 = (x0, z0, w0) and Ψ2 = (x1, z2, w2). In step
(a) of Fig. 9, the tensors and their conjugate tensors are
contracted by summing up Ψs as
Ly0αy˜0α˜ =
∑
Ψ0
A
(y)
Ψ0y0α
(A
(y)
Ψ0y˜0α˜
)∗, (A3)
Wy2αy˜2α˜ =
∑
Ψ2
X
(y)
Ψ2αy2
(X
(y)
Ψ2α˜y˜2
)∗, (A4)
In step (b) of Fig. 9, we contract L and W by summing
up the bonds α and α˜,
Py0y2y˜0y˜2 =
∑
α,α˜
Ly0αy˜0α˜Wy2αy˜2α˜. (A5)
In step (c) of Fig. 9, we perform the SVD or the eigen-
value decomposition of P and the truncation to retain χ
largest singular values,
Py0y2y˜0y˜2 '
χ∑
η=1
U{P}y0y2ηS{P}ηηU
∗
{P}y˜0y˜2η, (A6)
where U{P} is an isometry made by the left singular vec-
tors which corresponds to the χ largest singular values.
We can also obtain Q and U{Q} from Y and D in a sim-
ilar way to P and U{P}. Then, in step (d) of Fig. 9,
the isometries, U†{P}, U{P}, U{Q} and U
†
{Q}, are inserted
between A(y)X(y) and Y (y)D(y). To make E(y) and F (y)
explicitly, U{P} and U{Q} are contracted as
Nηθ =
∑
yˆ0,yˆ1
U{P}yˆ0yˆ1ηU{Q}yˆ0yˆ1θ. (A7)
in step (e) of Fig. 9. Next, in step (f) of Fig. 9, we carry
out the SVD of N ,
Nηθ =
∑
κ
U{N}ηκS{N}κκV{N}θκ, (A8)
and the contractions for making E(y) and F (y) as
E(y)y0y2κ =
∑
η
√
S{N}κκU{N}ηκU∗{P}ηy0y2 , (A9)
F (y)y1y3κ =
∑
θ
√
S{N}κκV{N}θκU∗{Q}θy1y3 . (A10)
We can use the same way to another direction, and E
and F consist of the tensors of the directions other than
the coarse-graining one such as
E = E(y) ⊗ E(z) ⊗ E(w) (A11)
F = F (y) ⊗ F (z) ⊗ F (w). (A12)
7To complete the making E and F step, it needs 4(d−1)
times O(χd+3) contractions, 2(d − 1) times O(χ6) con-
tractions and 2(d − 1) times O(χ6) SVDs 5. Then, the
bottleneck of this part is the O(χd+3) contraction.
Appendix B: Study of RSVD parameters
In this appendix, we study the parameters of the
RSVD in the proposed algorithm and the original ATRG.
The purpose of this study is to see how large the param-
eters of each algorithm should be taken to converge to
the free energy density obtained by an ATRG algorithm
which uses the truncation of the full SVD instead of the
RSVD.
To investigate the convergence for the original ATRG,
we use the Ising model on the 10244 lattice and define
the relative error of the free energy density as
δf =
∣∣∣∣fn,RSVD − fSVDfSVD
∣∣∣∣ , (B1)
where fSVD is the free enegy density obtained by ATRG
which applies the truncation of the full SVD to M and
fn,RSVD is the one using the original ATRG which ap-
plies the RSVD of n oversamples and χ iterations to
the matrix. In the case of the proposed algorithm, we
can also define δf similarly. Note that if the number
of the RSVD iterations is fixed to χ, the computational
cost of the swapping bond part in the original ATRG
becomes O(χ10), and then the leading cost of the algo-
rithm gets worse from O(χ9). On the other hand, the
cost of the part in the proposed algorithm becomes O(χ8)
and it is not the leading one in the whole algorithm (see
Fig. 7). Figure 10 shows δf as the function of n with
χ = 10, 14 and the temperatures are taken to be 6.65
and 6.68 (t = 6.65, 6.68). From Fig. 10, we can see that
the results of the original ATRG and the proposed al-
gorithm show similar behavior at χ = 10 and it is large
enough to take n ≥ 20 at χ = 10, 14. Therefore, we use
χ and 2χ for the numbers of the RSVD iterations and
oversamples respectively for the numerical results shown
in Sec. IV. We believe that it is large enough for the
RSVD to converge to the full SVD results when χ ≥ 10.
Finally we remark that when degenerate singular values
are truncated, the results of the RSVD may not converge
to those of the full SVD even if the parameters are taken
to be sufficiently large.
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